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INTRODUCTION 
In this dissertation the diffusion of one particle in a classical 
fluid of identical particles is studied theoretically. This phenome-
non is known as the self diffusion process. 
Theoretically the self diffusion problem is interesting since it is 
the simplest transport process occurring in a fluid and it contains 
many of the general aspects of non-equilihrium phenomena. 
Experimentally it can be studied in several ways. 
The dynamical properties (such as the mean square displacement) of a 
particle in a bath of mechanically equivalent particles can be mea-
sured by means of tracer diffusion experiments. 
The self diffusion process is involved in the explanation of incohe-
rent neutron scattering experiments on simple fluids. 
It describes (approximately) the diffusion of binary mixtures provi-
ded the mechanical interactions between the particles of both spe-
cies are (almost) identical. 
The last ten years it has become possible to study the dynamics of a 
haxd sphere system by means of computer experiments. 
We will study the self diffusion process theoretically by means of a 
/ - > • \ . . . . 
function G(r,t) , which is the probability of finding a tagged par-
-*- ... 
tide at time t at the position r when it was initially at the posi-
- > • 
tion r=o . 
In general, dynamical properties of simple fluids near equilibrium are 
described by phénoménologieal hydrodynamic equations (i.e. the Navier 
Stokes equations). For self diffusion the hydrodynamic equation in-
volved is known as the diffusion equation or Kick's law, 
3G(r,t)/3t = D V G(r,t) , and the proportionality constant D is the 
1 
self diffusion coefficient. 
The main purpose of this dissertation vili Ъе the derivation and ex­
tension of the hydrodynamic equation for the diffusion process (i.e. 
Pick's law) on the hasis of a microscopic theory. 
Usually such an investigation con be made on the hasis of the Boltz-
mann equation, the main properties of which are discussed here. 
The basic assumption to derive the Boltzmann equation is that succes­
sive collisions between the particles are uncorrelated, and therefore 
the theory is supposed to be valid for low densities. The predictions 
are the following. 
There are two well separated time scales involved in dynamical pro-
cessee, a kinetic time scale t , in which the one particle distribu­
tion function decays to local equilibrium, and a hydrodynamic time 
scale t„ , much larger than t , in which the state close to local 
Η о 
equilibrium decays to over all equilibrium. Here t is on the order 
of the mean free time between collisions and t is a typical relaxa-
n 
tion time for local density disturbances of the system. 
The velocity correlation function of a tagged particle < ν ·ν (t) > , 
where < ... > denotes an equilibrium average, is a fastly decaying 
function of time when measured on the time scale t . This is due to 
о 
the fact that the order of magnitude of the collision term in the Boltz­
mann equation is typically on the order of the collision frequency 
The probability distribution function G(r,t) fulfills approximately 
Pick's law on the hydrodynamic time scale (i.e. t » t ) . The Boltz­
mann equation predicts that Pick's law can be improved by taking higher 
spatial derivatives of G(r,t) into account introducing new proportiona­
lity constants, which are known as the Burnett, super Burnett, ... , 
coefficients (for self diffusion the Burnett coefficient is absent 
due to symmetry). 
2 
It was generally believed that these properties, which follow from the 
Boltzmann equation, are also valid for general fluids. However Alder 
has shown from computer experiments that the velocity correlation 
function is not a. fastly decaying function of time, but decays as a 
power law for times much larger than t 
It became clear from theory and experiment that these "long time tails" 
are due to many body processes, which contain persistent memory effects 
arising from sequences of correlated binary collisions. 
The long time tail in the velocity correlation function indicates that 
the kinetic and hydrodynamic time scales in dynamical processes are 
not well separated. 
In view of these facts we reconsider the derivation and study possible 
extensions of Fide's law. 
In this dissertation we employ two theories, which are capable to 
predict the long time tail in the velocity correlation function. 
They are: 
- Kinetic theory of hard spheres at low densities, which is a micro-
scopic theory derived from the Liouville equation. 
- Mode coupling theory, whose derivation is based on phenomenologica3 
arguments. It is not restricted to low densities or hard core inter-
actions. 
By means of kinetic theory we study extensively two quantities, the 
time dependent diffusion coefficient, which in fact is the time in-
tegral of the velocity correlation function, and the time dependent 
super Burnett coefficient. 
If the time dependent diffusion coefficient tends to a constant for 
large times, this limiting value is by definition the self diffusion 
coefficient and Pick's law is confirmed. 
If the time dependent super Burnett coefficient is finite for t ten-
ding to infinity the phenomenological super Burnett coefficient exists 
and the exrtension of Pick's law by taking higher derivatives of G(r,t) 
3 
into account is meaningful. 
As was already discussed in recent literature one finds from kinetic 
theory that Fick's law exists in three dimensional systems, and does 
not exist for two dimensions. 
We will show from kinetic theory that also the super Burnett coeffi-
cient does not exist, both in two and three dimensions. 
The mode coupling theory in three dimensions will be used to extend 
the previous results to fluid densities and to generalize the diffu-
sion equation beyond Tick's law in a meaningful way. 
In chapter I we consider the quantities of interest in the self dif-
fusion problem and discuss how Fick's law can be obtained as a limi-
ting case of exact relations. 
Chapter II is devoted to kinetic theory of hard spheres at low densi-
ties. A derivation will be given starting from the Liouville equa-
tion and applying standard diagrammatic techniques. The results of 
chapter II will be used to calculate the time dependent diffusion and 
super Burnett coefficient in three dimensional (chapter III) and 
two dimensional systems (chapter IV). 
Chapter V is devoted to the mode coupling theory, where the same quan-
tities are calculated for fluid densities, and where Fick's law is 
generalized to include higher order gradients of G(r,t) . 
The results of chapter III have already been published (De Schepper 
•Wit). 
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CHAPTER I 
The Self Diffusion Process 
a. Definitions 
In this chapter we consider the quantities describing the self dif­
fusion of a tagged particle in a classical fluid of identical par­
ticles without internal structure and interacting with central pair-
wise additive forces hoth in two and three dimensions. 
Exact relations are derived between the quantities of interest and 
we discuss a method to obtain the phenomenological linear self dif­
fusion equation (i.e. Pick's law) and its predictions for various 
quantities, as limiting eases of the exact relations. 
We consider a classical system of N identical particles of mass m 
in a d dimensional box of volume V, with periodic boundary conditions 
and a Hamiltonian 
N
 ? 
Η(Γ) = Σ Imvf + Σ Ф(г
а
) , (1.1) 
i=1 а 
where α runs over all pairs (i,j) of different particles in the sys-
i •*• ι ι •*• •*• • • tem and r = r = r.-r. is the distance between the particles 
α α ι j 
i and j. The spatial and velocity coordinates of particle i are 
denoted by r. and v. while Г denotes the phase point Г = 
(r,,v ,...,r ,v ) . The particles move according to Hamilton's equa-
1 1 U N 
tion of motion such that for any phase function f(r) , which does 
not depend explicitly on time 
•¿ f(r(t)) = L f(r(t)) . (1.2) 
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The formal solution reads 
f(r(t)) = st f(r(o)) , (1.3) 
where S is the streaming operator replacing the coordinates of the 
particles at time t=o , Γ(ο) , Ъу their values at time t , Γ(ΐ) , and 
can formally be written as 
S = exp(tL) . (I.U) 
The Liouville operator L is defined by the Poisson Brackets L f(r) = 
{ f(r), Н(Г) } and explicitly given by 
L = Σ L (i) - Σ θ , (1.5) 
о о 
ι α 
where i runs over all particles and α over all different pairs of 
particles and 
L (i) = V..-4- , (1.6) 
1
 Э?. 
ι 
. ЭФ(г..) . . 
. . = 1 iJ_ ( _э L·). d.7) 
d
 Эг. . Э . Э . 
ij ι О 
The sum Σ L (i) is called the free streaming part of the Liouville ope­
rator and Σ θ the interaction part. The tagged particle is taken to 
be particle number 1 . 
In the self diffusion process of a tagged particle one is interested 
/ "*• \ • 
in the probability P(r,tJ of finding the tagged particle at time t 
at the position r , if the initial probability at time zero is a given 
function W(r) i.e. 
?(?,©) = W(?) . (1.8) 
6 
The probability P(r,t; can Ъе expressed as a non-equilibrium average 
of the microscopic tagged particle density S (r1-r) 
P(r,t) = J dr ρ(Γ;ΐ) e(?1-r) . (I. 9) 
Here p(r;t) is a normalized non-equilibrium ensemble satisfying Liou-
ville's equation 
at p ( r ; t ) = " L р ( Г і і ) ( I , 1 0 ) 
and can therefore be vritten as p(r;t) = S р(Г;о) . Due to Liou-
ville's theorem, (I. 9) may be vritten as 
P(?,t) = Í dT р(Г;о) «(î^t)-?) . 
The initial ensemble р(Г;о) has to be determined from the initial 
condition P(r,o) = W(r) . For experimental situations where all other 
macroscopic variables such as pressure, temperature and total densi­
ty are uniform throughout the system, the simplest choice for р(Г;о) 
is (Dorfman Ì9lb) 
^ і * янГП 
• ο^^ζίφ*^. Ci·") 
where Ζ exp(-0H) is the normalized canonical equilibrium distribu­
tion function at temperature Τ and total density η = N/V and β = 
-1 0 (к Τ) where к is Boltzmann's constant. 
D D 
The choice (1.11 ) for the initial ensemble yields 
P(r,t) w,-> -y dr' Gfr-r'.t) W(r·) , (1.12) 
where G(r,t; is given by 
7 
G(r,t) = V < «(r^oî-p) «(r^t)-?-?) > 
< S(àr^t)-T) > 
.-1 dr ехр(-?Н(Г)) δ(Δ?1(ί)-?) . (1.13) 
Here Дг (t) = г (t) - г (о) is the displacement of the tagged particle 
and the brackets < ... > represent the canonical equilibrium average. 
It is tacitly assumed that quantities like G(r,t) are actually the 
thermodynamic limit ( Ν-χ» , V-*= , η = N/V fixed ) of the averages 
in (1.13). 
¿(rjt) is known as the Van Hove self correlation function and expres-
ses for a system in total equilihrium the probability of finding the 
. . - > • - > . . . . 
tagged particle at time t at the position p+r , when it was imtial-
ly (t=o) at the position p. Due to translational and rotational in-
variance of the system, this probability depends only on I rl and t. 
Notice that G(r,t) is independent of the initial density disturbance 
W(r) and so we conclude from (1.12) that the choice (I.11) for the 
initial ensemble leads essentially to a linear self diffusion theory, 
i.e. P(r,t) is linearly dependent on its initial value W(r).. Fur-
thermore, as can be seen from (1.12), G(r,t) may be considered as the 
Green's function, which determines completely the decay of any ini-
tial density disturbance W(r) . Therefore we will study the function 
G(r,t) rather than P(r,t) . 
It will be convenient to consider spatial Fourier transforms of func-
tions of r , defined as 
f(k) d? e-ik-r ?(?) . (l.lUa) 
'V 
Its inverse is given by 
Г[т) = ¡ Σ е І к- Г t(t) , (І.1І*Ъ) 
where к runs over the reciprocal lattice of V. For large volumes 
•+ -1 
and smooth functions of к we may replace the sum V Σ... Ъу the in­
tegral (2π)~ -*• . . . к 
dk ... , where d is the dimensionality of the system. 
We also need the Laplace transform of functions of time defined as 
f(z) = dt e Z t f(t) . (1.15) 
The tildes in (I. lit) and (1.15) will be omitted if no confusion can 
occur. In addition we define an innerproduct in the space of phase 
functions as 
< f I g > Ξ < f*(r) g(r) > , (1.16) 
where the left hand side is Dirac's notation of the innerproduct, 
the right hand side the canonical equilibrium average and the asterisk 
stands for complex conjugation. 
For microscopic functions f(Γ) not explicitly dependent on time we 
write shortly 
S t f(r) Ξ f(r(t)) Ξ f(t) . 
The spatial Fourier transform of G(r,t), known as the intermediate 
scattering function can now he expressed as 
G(k,t) = < n(k) I n(k,t) > = < e-ib-Ar/t) > , ^.,γ) 
where n(k) = exp(-ik.r ) is the Fourier transform of the microscopic 
tagged particle density 6(r -r) . 
The Fourier-Laplace transform of G(r,t) , finally, can be expressed 
as 
9 
G(k,z) = < n(k) I - V i n(k) > . (1.18) 
Z—ij 
Because G(r,t) , G(k,t) and G(k,z) are only dependent on the lengths 
r and к , we frequently omit the vector symbols. 
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Ь. Fiak 's Law 
Τη this section we give a ЪгіеГ outline of the phenomeno]ogical macro­
scopic linear diffusion theory. In this theory the self diffusion 
process is basically descrihed by Fick's law (Brush 1972; Hirschfel­
der 1967; Chapman I960; De Groot 1962). 
The ideas used in the phenomenological derivation of Fick's law are 
similar to those occurring in other macroscopic linear transport 
theories such as the Navier Stokes description of a general fluid 
near equilibrium (De Groot 19б2). One associates with the prohahility 
density Ρίτ,ΐ) defined in (l.9)> a prohahility current density Jir.t) , 
defined equivalently to (1.9) as the non-equilibrium average of the 
microscopic current densaty of tagged particles ν 6(r-r ) . 
Due to the conservation of probability density, there is an exact 
relation between Ρ and J 
— P(r,t) = - V . JCr.t) , (1.19) 
which is the continuity equation and follows directly from Liouville's 
equation (I.IO). In order to derive the phenomenological diffusion 
equation one supplements the conservation equation with the so called 
linear constitutive relations of irreversible thermodynamics, stating 
that J(r,tJ is proportional to the gradient of the density P(r,t) at 
the same position r and time t 
?(r,t) = - D V P(r,t) _ (1.20) 
This constitutive relation is known as Fick's law. The relation is 
expected to be approximately valid for small gradients; i.e. P(r,tJ 
varies slowly over distances of microscopic size, and for times large 
compared to microscopic time scales. The proportionality constant D 
is assumed to be positive and is called the self diffusion coefficient. 
11 
Generally in irreversible thermodynamics proportionality constants in 
constitutive relations depend on the local density and local tempe­
rature of the system and are, therefore, functions of position and 
time. Since we have restricted ourselves to the linear case, i.e. to 
situations near total equilibrium as described in section a, the co­
efficient D depends on the equilibrium density and temperature only. 
Combination of both relations for Ρ and J yields a closed equation for 
P(r,t) known as the linear (self) diffusion equation, or Fick's law 
g£p(?,0 - D V2 P(?,t) . (1.21) 
Since we are dealing with linear deviations from total equilibrium, 
equation (1.12) implies relation (1.21) for G(r,t) too. Therefore 
Fick's law may be stated in the following equivalent forms 
|^· G(?,t) « D V2 G(Ï,t) (1.22) 
^|-G(k,t) = - Dk2 G(k,t) (1.23) 
G(k,Z) = -J-2 - (1.2!*) 
z+Dk 
In the last line we used the fact that G(k,t=o) = 1 , which follows 
from the initial condition G(r,t=o) = 5(r) . 
The solutions of (1.22) and (1.23) are 
G(ic,t) = exp(-Dk2t) (1.25) 
G(r,t) « (lwDtrd/2 exp(-r2/(tot)) , (1.26) 
where d is the dimensionality of the system. 
These relations (1.22-26) are assumed to Ъе approximately valid if 
distances are large compared to microscomc lengths, wave vectors 
12 
small compared to inverse microscopic lengths, times large compared to 
microscopic times and frequencies small compared to inverse microsco­
pic times. 
An important part of our study will be the verification and extension 
of such phenomenological laws on the basis of more fundamental theo­
ries. 
Let us therefore discuss these points in somewhat more detail and fo­
cus our attention to the relation (1.23) for G(k,t) , which is assumed 
to be approximately valid for t much larger than microscopic times 
and к much smaller than inverse microscopic lengths. A direct method 
to verify such a prediction is by defining on the basis of a micro­
scopic theory a quantity D(k,t) such that 
•^ G(k,t) Ξ - к D(k,t) G(k,t) (1.27) 
is an exact relation. Since this is a definition equation for D(k,t) 
we have 
D(k,t) = - - i - j | log G(k,t) , (1.28) 
Substitution of relation (I.17) for G(k,t) yields an expression for 
D(k,t) in terms of averages of microscopic quantities. 
Then, one can study the function D(k,t) for small к values and large 
times and verify if the function Üm. D(k,t) has indeed a limiting 
value for t-x" , which is then, by definition, the diffusion coeffi-
cient D . 
In the next chapters we study the function D(o,t) from kinetic theory 
and mode coupling theory. The result will be that for three dimensio-
nal systems the limit lim Γίο,ί) exists, while for two dimensional 
systems D(o,t) tends to infinity as t-н» . Therefore, Pick's law is 
valid in three dimensional systems and invalid in two dimensions. 
13 
A next important part of our study deals with the following questions, 
which can Ъе posed for three dimensional systems at least. What are 
the next order corrections to Pick's lawT Or, in what sense is Fick's 
law a first order approximation to G(k,t) in a systematic theory? 
An answer to the first question is suggested in phenomenological trans­
port theory (Hirschfelder I967) stating that the relation (1.20) can 
he extended to 
(r,t) = - D V P(r,t) - Dv ; V V P(r,t) ... . (I.29) 
That means: higher derivatives of the density Ρ have to Ъе taken into 
(2) 
account, which introduces new proportionality constants, such as D 
(2) . . . 
The constant D is called the super Burnett self diffusion coeffi­
cient. 
Due to symmetry properties of the fluid, odd powers of the gradients 
are absent in the relation ahove. In irreversible thermodynamics this 
property is known as Curie's law (De Groot 1962). 
Relation (1.29) yields for G(r,t) and G(k,t)the generalized diffu­
sion equations 
-|-G(r,t) = D V 2 G(r,t) + D ( 2 ) V 2 V 2 G(r,t) + ... (1.30) 
Ο Τι 
тг G(k,t) = - к 2 ( D - к 2 D ( 2 ) + ... ) G(k,t) . (1.31) 
dt 
Again we discuss in the next chapters the verification of these gene­
ralized diffusion equations from kinetic theory and mode coupling 
theory. The method will Ъе the following. 
The quantity D(k,t) defined in (I.28) will Ъе expanded in powers of 
к at fixed values of t , yielding an exact equation of the form 
•£ G(k,t) = - k2 ( D(o)(t) - k2 D(2)(t) + ... ) G(k,t) .(1.32) 
1U 
We refer to D (t) as the time dependent diffusion coefficient and it is 
in fact equal to the function D(o,t) , discussed above. The quantity 
(2) 
D (t) is referred to as the time dependent super Burnett coefficient. 
One would expect that the quantities D (t) and D (t) approach 
constants for large values of t . If calculation of the microscopic 
formula would confirm this expectation, one would have verified the 
phenomenological equation (1.31 )· Explicit calculations on D (t) 
performed in chapter III for three dimensional systems predict that 
lim D (t) exists indeed, as already mentioned above. However, 
'*
C
° (2) 
we will see in chapter III that D (t) diverges as t-w» . So the phe­
nomenological super Burnett coefficient introduced in equation (1.29) 
does not exist and we conclude that introducing higher order diffusion 
coefficients in equation (1.29) is not a meaningful way to extend 
Fick's law for three dimensional systems. 
We will extend Fick's law in a rather different way, which was inspi­
red by the work of Zwanzig (Zwanzig 1961*). He discussed the following 
problem: In what limiting sense are the phenomenological Fick's law 
predictions (I.2l»-26) exact relations for the functions G(r,t) , 
G(k,t) and G(k,z) ? To that aim he introduces the concept of hydrody-
namic limit, which will be considered now. 
We illustrate this concept by means of Einstein's displacement formu­
la, stating that the mean square displacement of the tagged particle 
о 
in χ direction, is proportional to t for large times, i.e. < (Δχ.ίΐ)) > 
= 2Dt . In fact this relation is a consequence of Fick's law as 
will be seen in the next section. Einstein's formula implies that, 
for large times, the displacement measured in units v^t is a dimen-
p 
sionless quantity of order 1 , namely < (Ax1(t)/v6t) > = 2 . 
This observation suggests to measure typical distances in the diffu­
sion problem in units V^t , and one expects these scaled lengths to 
be of order 1 for large times. Therefore, for large times, it is more 
relevant to study the probability density P(r,t) and the Green's func­
tion G(r,t) as functions of the scaled distance ρ = r/vCt a n d o f "the 
15 
time t , where ρ is considered to Ъе of order 1 and t is considered to 
be large. Therefore, for fixed values of ρ , 1/t may he considered as 
a small ordering parameter. 
If for a function of length and time, the limit 1/t •*• о is taken at 
fixed values of the scaled length ρ , this limit is referred to as 
the hydrodynamic limit. 
The expectation, as expressed Ъу Zwanzig, is that Fick's law may he 
true exactly in this hydrodynamic limit. 
Let us apply these ideas on the functions О(г^) , G(k,t) and G(k,z) . 
We consider G(r,t) as a function of ρ and t . For finite values of ρ 
and large t one sees from (1.26) that G(pv6t,t) = (ImDt)" ' exp(-p /1») 
The exact function G(r,t) is said to satisfy Fick's law if 
lim (l«rDt)d'2 G(pv6t,t) = ехр(-р 2Л) . (1.33) 
t-w 
ρ fixed 
Next we consider the function G(k,t) in the hydrodynamic limit. Since 
G(k,t) is the Fourier transform of G(r,t) we study this function, for 
large t , as function of dimensionless scaled wave numer к = к y/ut , 
where 1/t is considered as the ordering parameter. Inversely we may 
consider G(k,t) as a function of a dimensionless scaled time τ 
2 
(τ = Dk t) , while к is used as the small ordering parameter. From 
^ 2 (I.25) follows then that 0(к,т/Вк ) =ехр(-т) for finite values of τ 
and small values of к . 
Now, G(k,t) satisfies Fick's law, if 
lim G(k,T/Dk2) = ехр(-т) . (І.ЗЬ) 
k-»o 
τ fixed 
Since G(k,z) is the Laplace transform of G(k,t) , we measure the fre-
2 2 
quency in units Dk (z=.('Dk ) and study the function G(k,z) as a func-
16 
tion of f (finite complex), while к is used as the ordering parameterι 
2 2 -1 
For finite І and к small Fick's law predicts Эк G(k,fDk ) = (f + 1) 
Hence, G(k,z) statisfies Fick's law, if 
lim Dk 2 G(k,rDk2) = rj-j- · (1.35) 
k+o 
Ref>o 
In this relation we excluded Ref < ο , since G(k,z) is only defined 
for values of ζ with Rez > о . (It may of course be continued analyti­
cally into Rez < o). 
We mention the following points concerning the relations (1.33-35): 
- the advantage of stating Fick's law in this rigorous form will Ъе, 
that these predictions can he verified from a more fundamental theo­
ry; 
- the ansatz that G(r,t) , G(k,t) and G(k,z) are essentially functions 
of a scaled quantity of order 1 and a small ordering parameter, is 
very helpful in extending Fick's law predictions heyond its lowest 
order term; 
this idea will he applied in chapter V, where the ordering parameters 
are used as expansion parameters; 
such extensions avoid the difficulties, which arise in introducing 
higher order diffusion coefficients in the constitutive relation 
(1.20); 
- the relations (1.33-35) are not trivially equivalent; 
the non-trivial point is the interchanging of limits and integrals, 
which occur if one expresses one of the functions G(r,t) , G(k,t) , 
G(k,z) into another one; 
- as mentioned above, it is expected that these relations are not valid 
for two dimensional systems; 
we return in chapter IV to the diffusion problem in two dimensions. 
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с. Moments of displacement and related quantities 
Other quantities of interest in the diffusion problem are the moments 
of displacement of the tagged particle, M (t) , generally defined 
M(n)(t) = < Ux/t)) 1 1 > (n=0,2,U,...) (1-36) 
where Δχ (t) = χ (t)-x (o) is the χ component of the displacement vec­
tor ДгAt) . From symmetry properties of the ensemble average one easi­
ly sees that all the odd moments (r.= 1,3,5· ·. ) vanish. 
The moments M (t) occur in the expansion of G(k,t) in powers of к , 
as can be seen from eq. (I.17) 
• °
( к
'
 ) = Σ
 ^feí м(2П)( ) (Ι·3Τ) 
η=ο 
M-"\t) = (-)η ^ SiL lim {-%} η G(k,t) (і.З а) • 
к-ю Эк 
2i!U^)/2r{u+ì) ç
 ( 1 > з в ь ) 
r(n
+
d/2) d r r O(r.t) , 
^ η 
where d is the dimensionality of the system and Γ(χ) denotes the 
Г function. 
Notice that, if G(k,t) is (approximately) described by Pick's law (1.25) 
we may expect for the moments of displacement, if t is large 
M ( 2 n ) ( t ) =l2niL ( D t ) n # ( l - 3 9 ) 
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This expression contains Einstein's displacement formula for n=1 . 
We also will study the cumulants M (t) (n=2,l+,6,,. . ) of the moments f \ с 
of displacement M (t) , defined by the series expansion 
logG(k,t)= Σ Ь | ) M { 2 n )(t) . (1.1*0) 
n=1 V 
Therefore one has for n = 1 , 2 , . . . 
. M ( 2 n ) ( t ) = (_) n i22iL lin, {-i-}n logG(k,t) . (1.1.1) 
c
 к-кз Эк 
The cumulants and moments are related Ъу recursion relations given 
in the literature (Kuho 19б2). The first two of these are 
M(2)(t) = M(2)(t) (I.lt2) 
С 
iiw(t) = u(k)(t) - 3(M(2,(t))2 . (ілз) 
с 
There exists a simple relationship between the cumulants and the time 
dependent diffusion coefficients D 0 (t) , D (t) , ... defined in 
(1.32). 
One easily sees from (1.32) and (1.1*0) that 
•
 D i 2 , , )
^ - 7 s k . áMc2n+2)( t ) • (n-0.1....) (i.wo 
As was already discussed in the previous section formal expressions 
for the time dependent diffusion coefficients can be used to verify 
phenomenological transport equations of the form (1.30,31). We derive, 
therefore, expressions for D (t) and D (t) in terms of averages of 
microscopic quantities. 
For D (t) we see from (1.1*1*) that 
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D(0)(t) - I •£ < (Δχ/t))2 > 
By writing Δχ (t) = / d t ' ν (t') and employing symmetry properties 
of the streaming operator and the епзетЪІе average, one otitains 
D ( 0 )(t) = dt' < ν, ν ft') > 1x 1x (І.І45) 
The same procedure can be applied straightforwardly to D (t) yielding 
,(2), D^'tt) = E(t) - E^t) - E2(t) - E (t) (1.1*6) 
E(t) 
E / t ) 
E 2 ( t ) 
E 3 ( t ) 
J 
= 
= 
= 
•τ. 
dt, 
о ' 
dt, 
о ' 
Л 
dt, 
о
 J 
dt, 
ft 
dt, 
dt, 
dt, 
dt, 
ät3<v^vw{t^ і
х
(
 ^х^з) > 
( U T ) 
dt < ν ν (t ) > < ν (t ) ν (t ) > 3 Ix Ix 1 Ix 2 Ix 3' 
(I.W) 
dt_ < ν. ν (t.) > < v, (t.) v. (t_) > 3 Ix Ix 2 Ix 1 Ix 3 
(I.«*9) 
dt_ < ν ν (t ) > < v. (tj v. (t„) > 
3 Ix Ix 3 Ix 1 Ix 2 
(1.50) 
(2) So D (t) is expressed as an ordered time integral over the cumulant 
of the four point velocity correlation function. An analogous procedure 
has been used by McLennan (McLennan 1973). These expressions are conve­
nient to study D (t) and D (t) in the framework of kinetic theory. 
In chapter III and IV we employ kinetic theory to calculate the corre­
lation functions occurring in the expressions above for D (t) and 
(2) 
D (t) , both in two and three dimensions. These functions are calcu­
lated since we want to study the phenomenological transport equations 
(I.30,31), as was discussed in the previous section. 
The calculations are performed with still another purpose. We start 
with the three dimensional case first. 
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The expressions given in chapter III for D (t) and D (t) are derived 
from first principles, but restricted to low densities and hard core 
interactions. On the other hand there is mode coupling theory (discussed 
in chapter V for d=3), which is аЪІе to predict the long time behaviour 
of D (t) and D (t) . This theory is not restricted to low densities 
and hard sphere interactions. However the mode coupling theory is a 
phenomenological theory and therefore it is not a priori clear that 
D (t) and D (t) are predicted correctly. Therefore we compare the 
results from both theories in their common region of validity (i.e. 
low densities, hard core interactions, long times). This serves as a 
test for mode coupling theory. The results agree as we will see from 
chapter III and V, where many consequences of the mode coupling theory 
are further explored. This fact gives some support to the validity of 
the mode coupling theory for liquid densities, since in the phenomeno­
logical derivation (Kawasaki 1966; Kadanoff I968; Ernst 19T0), of the 
mode coupling formula no restrictions are imposed on the density. 
Recently Wood (Wood 1971*) performed computer simulation experiments for 
hard sphere systems at these densities. He was able to measure "experi­
mentally" the functions D (t) and D (t) in great detail. 
As further support for the mode coupling theory we want to mention here 
already that also for liquid densities the agreement between theory and 
experiment is very good for D (t) (or rather its time derivative, 
which is the velocity correlation function), as Wood has shown (Wood 197Ό 
by analyzing the effects of the finite size of the system, which are 
(2) 
quite large in the three dimensional case. For D (t) the agreement 
between theory and experiment is not quite impressive. As Wood dis­
cussed this could be due to finite size effects, an analysis of which 
must still be carried out for this case. 
Next we consider the two dimensional case. 
It is known already from computer simulation experiments (Alder 1970), 
from kinetic theory of hard disks (Pomeau 1971; Dorfman 1970, 1972) 
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and from mode coupling theory (Ernst 1970; Kawasaki 1970a) that the 
velocity correlation function in two dimensional systems behaves 
as 1/t for large times. Therefore D (t) is proportional to log t 
and Fick's law is invalid, as was mentioned in the previous section; 
(2) 
the super Burnett coefficient D (t) diverges even stronger as will 
be shown in chapter IV. 
Wood (Wood 197^) measured "experimentally" the functions D (t) and 
(2) 
D (t) for two dimensional hard disk systems too. Generally, computer 
simulation experiments are easier to perform in two dimensions, where 
finite size effects are considerably smaller. 
Therefore we calculate in chapter IV the functions D (t) and D (t) 
from kinetic theory of hard disks at low densities. We compare our 
(2) 
predictions (especially for D (t))with a few computer results at the 
same {low) density and the agreement turns out to be much better for 
the two dimensional system, than for the three dimensional case. 
In the context of this dissertation a logical counterpart for the 
kinetic theory calculations of D (t) and D (t) for two dimensional 
systems in chapter IV would be a calculation of these quantities on 
the basis of the mode coupling theory for general densities, for which 
more extensive computer results are available than for low densities. 
A preliminary investigation of D (t) and D (t) on the basis of 
the mode coupling theory did indeed give a first approximation, which 
agrees very well with the computer calculations at liquid densities. 
Unfortunately there is a number of unresolved problems concerning the 
magnitude of the higher order approximations. For this reason we 
will not consider the two dimensional hard disk system at higher 
densities. 
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d. Projeation Operator Techniques 
During the last 15 years methods have been developed (Zwanzig I96I; Mori 
1962, 1965) to derive formally exact linear transport equations invol­
ving non-local and non-instantaneous transport kernels, starting from 
the microscopic equations of motion and taking only linear deviations 
from equilihrium into account. 
Such exact equations are useful as a tool to derive from first prin­
ciples the macroscopic linear transport equations (such as Fick's law) 
and to study under which conditions such phenomenological equations 
may be valid. Furthermore this method yields expressions for the 
transport coefficients in terms of time integrals over equilibrium 
time correlation functions, known as Green-Kubo formulae. The method 
used to derive such exact equations is known as the projection ope­
rator technique and will be applied here to the case of self diffusion. 
The starting point is the equation of motion for microscopic densi­
ty functions. Here we only have the equation of motion for the micro-
3 /-*• \ /•*• \ 
scopic tagged particle density — n(k,tj = L n(k,t) . To obtain the 
— . -»• 
macroscopic density G(k,t) from the microscopic function n(k,t) , one 
observes from (I.17) that one does not need I n(k,t) > in full detail 
but only its projection on I n(k) > . 
Therefore one defines the operator Ρ in the space of phase functions 
as 
Ρ = Σ |n(k) > < n(k) I . (1.51) 
к 
2 
This is a projection operator with the property Ρ = Ρ due to the fact 
that the functions n(k) are normalized such that < n(k) I n(k) > = 1 
and they form an orthonormal set for values of к in the reciprocal 
lattice of the volume V . With this pro'oction operator one may rewrite 
(I.IT) as 
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G(k,t) = < n(k) Ι Ρ I n(k,t) > . 
The idea of the projection operator method is that one derives from 
the equation of motion for the full microscopic density I n(k,t) > 
an equation of motion for the relevant part PI n(k,t) > . This can 
be done Ъу applying the projection operators Ρ and 1-P = P. to the 
full equation of motion of I n(k,t) > yielding two coupled equations 
for Ρ I n(k,t) > and P. I n(k,t) > . By changing to the Laplace 
transforms, both equations can he solved algebraically by eliminating 
the Laplace transform of P. I n(k,t) > , yielding a closed equation 
of motion for the Laplace transform of Ρ I n(k,t) > . 
Here we follow a slightly different presentation, which is more con­
venient for our purpose. 
Vie start from the following operator identity 
1
 1 1 1 ( I 42) 
—r
 =
 ~T+~T I PLP, + P, LP } — . uo¿ ; 
z-L z-L z-L 1 1 z-L 
Here we have defined L as the orthogonal pa r t of the L iouv i l l e opera tor L 
L = Pj^ LPj^  (1.53) 
and we have used the relation 
PLP = ο , (I.51») 
which follows from the anti-hermitean property of L . 
Further useful properties are 
P — ^ r P = - P ; P , -^rP = o . 
z-L ζ 1 z-L 
Applying the identity (1.52) to the expression (I.18) for G(k,z) 
yields directly 
2k 
G(k,z) = - + - < n(k) I LP, - v I n(k) > . 
ζ ζ 1 ζ—L 
The identity (1,52) can Ъе applied once more, yielding 
G(k,z) = 1 + I < η(ί) I LPi -— piLP ^ j - | n(k) > . 
The Liouville operator acting on the density is equal to 
L I n(k) > = - ik I j(k) > , (1.55) 
. /-*-\ . . . . . 
where j(k) is the microscopic tagged particle current density defined 
as a scalar quantity 
j(k) = v ^ E expi-ik.r,) , (1.56) 
where к = к/к is a unit vector in the к direction. With the help 
of (1.55) one finally arrives at an exact result for G(k,z) 
G(k,z) = g-J . (I.57) 
z+k U(k,z) 
This has the form of a generalized transport equation (compare (1.21»)) 
with a wave number and frequency dependent diffusion coefficient U(k,z) 
given Ъу 
U(k,z) = < j(î) Ι -Л: I j(k) > . (1.58) 
z-L 
Its inverse Laplace transform is 
U(k,t) = < j(k) I exp(tL) I ¿(k) > . (1.59) 
The generalized diffusion equation (1.57) yields in (k,t)-language 
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. - ¿ G ^ . t ^ - k 2 
ft 
dt 
•Ό 
and in (r,t)-language 
. -f ?(î,t) = ν2 f dt' 
Ό 
j 
' U(k,t') Gfk.t-t') (І.бО) 
d?' U(?',t') 3(r-r',t-t') . (1.61) 
The exact relation (і.бо) has the form of a diffusion equation with 
a wave vector dependent memory kernel and should Ъе compared with (1.23)· 
The exact relation (l.6l) has the form of a non-local non—instantaneous 
type of diffusion equation and should be compared with (1.22). 
The wave number dependent projected current correlation function U(k,t) 
is related to the ordinary current correlation function Cfkjt) , de­
fined as 
C(k,t) = < j(k) I exp(tL) I j(is) > = </(k) j(k,t ) > (1.62) 
with a Laplace transform 
C(k,z) = < j(k) I — I j(k) > . (1.63) 
Z-L 
The relation mentioned here can most easily Ъе found in Laplace lan­
guage by applying the operator identity (I.52), yielding 
. C(k,Z) =
 z g ( k ' z ) . (1.61*) 
z+k U(k,z) 
Let us summarize some further properties of the functions U(k,z) 
and C(k,z) valid for two and three dimensional systems. There exist 
trivial upper bounds on the functions U(k,t) and Cik.t) as follows 
from (I.59) and (1.62) 
I U(k,t) I <îj(k,t=o) = (0тГ 1 
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I C(k,t) I < C(k,t=o) = (Um)"1 (1.65) 
valid for all values of к and t . 
The Laplace transfroms U(k,z) and C(k,z) are, for any к , analytic 
functions of ζ , for all values of ζ with Rez > о . If Rez > ο , the 
Laplace transforms are hounded hy 
I U(k,z) I < ((3m) 1/Bez 
I C(k,z) I < (0тГ1/Нег . (1.66) 
If Rez } ο , the limits к-нэ of U(k,z) and C(k,z) are well defined and 
equal to 
lim U(k,z) = dt e~ Z t Üío.t) = U(o,z) 
к-кэ -Ό 
lim C(k,z) = dt e" Z t C(o,t) = С(о,г) . 
к-нз •'о 
Since the limits exist it is clear from (I.6k) that υίο,ζ) = C(o,z) , 
The function C(k,t) converges for k-*o to the velocity correlation 
function < v, v, (t) > , as can he seen from (1.62) and (I.56). We lx lx _ 
will write shortly < ν ν (t) > = C(t) . 
We may conclude from these considerations that 
lim U(k,z) = lim C(k,z) = U(o,z) = C(o,z) 
k-»-o k-»-o 
г 
C(z) = I dt e" Z t < v, v, (t) > (I.67) 1x 1x 
'0 
lim U(k,t) = lim C(k,t) = U(o,t) = C(o,t) 
k-»O k-*o 
C(t) = < v, v, (t) > , (I.68) 
1x IX 
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where (І.бт) is valid for Rez > о only. 
We note that very little can be said, in general, about the behaviour 
of Uikjz) and C(k,z) if ζ tends to zero at fixed values of к . 
Next we study conditions under which the phenomenological predictions 
of Fick's law (1.33-35) can be obtained from the exact relation (I.57). 
From (1.35) it is clear that one has to assume something about the be­
haviour of U(k,z) for small values of к and ζ . Zwanzig suggests 
(Zwanzig I96U) that it is reasonable to expect {¡(ία,ζ) to be bounded 
(for three dimensional systems) in the neighbourhood of k=o , z=o 
and he uses that U(k,z) is even continuous there. 
The arguments deal with the fact that in the denominator of the ex­
pression (I.58) for U(k,z) the operator L = Ρ LP occurs. Ρ is the 
projection operator on the functions n(kj . For values of к-чэ , n(k) 
approaches an eigenfunction of L (the unit function) with eigenvalue 
zero. The operator P. projects orthogonal to these functions and there­
fore it may be plausible that и(к,г) (in three dimensional systems) 
is bounded or even continuous near k=o , z=o . The plausibility of this 
argument is of course rather weak, since it leads to incorrect results 
in two dimensional systems, where it is known that the lim υίο,ζ) 
Z-+0 
does not exist, as was discussed in the previous section. 
The above arguments do not apply to C(k,z) since the expression (I.63) 
contains the full Liouville operator in the denominator. The behaviour 
of C(k,z) and U(k,z) may be quite different near k=o , z=o . 
Keeping this in mind, one could impose the following conditions on 
U(k,z) : 
(i) U(k,z) is a continuous function of к and ζ with a well defined 
value at k=o , z=o , which is by definition the self diffusion 
coefficient D: U(o,o) = D , (l.69a) 
(ii) U(k,z) is uniformly bounded for all (real) values of к > о and 
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complex values of ζ with Rez > ο , (I.69b) 
and one would have to show that (I.69) implies the predictions of 
Pick's law formulated in (1.33-35)· 
Requirement (i) implies the exact relation (1.35) for G(k,z) as can 
be shown immediately from (1.57)· 
The requirements (i) and (ii) do not trivially imply the exact rela­
tions (Ι.3Ό and (І.ЗЗ) for G(k,t) and G(r,t) . The non-trivial point 
again is the interchanging of limits and integrals. Notice that, if 
the limits and integrals may be interchanged, these relations follow 
immediately. 
One can indeed show that (i) and (ii) are sufficient to derive rela­
tion (I.3¡+) for G(k,t) . 
However it is not clear whether (i) and (ii) are sufficient conditions 
to prove (І.ЗЗ) for G(r,t) . 
Although a derivation of relation (I.33) for G(r,t) from conditions 
(i) and (ii) (and possibly more) is still lacking we say that U(k,z) 
satisfies Pick's law if the conditions (i) and (ii) for U(k,z) are 
fulfilled. 
We introduced this version of Kick's law, since it is helpful in 
chapter V, where we study mode coupling theory, which essentially 
deals with the function U(k,z) . 
Before concluding this section we make a number of remarks concerning 
(I.69): 
- requirement (i) implies the well known expression for the self 
diffusion coefficient 
dt < v. ν, (t) > (I.70) 
lx lx 
о 
as can be seen from (I.67); 
this relation is consistent 
the definition for the diffusion coefficient discussed in section b, 
with relation (I.U5) for D (t) and 
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D = lim D l 0 j(t) ; 
- requirement (i) implies for C(lc,z) 
lim lim C(k,z) = D (I.71) 
Z-HD к-ю 
lin C(k,fDk2) = ~ D ; (1.72) 
k-»-o 
f fixed 
therefore C(k,z) is not continuous in k=o , z=o ; 
this point was discussed аЪо е; 
- requirement (ii) is an extension of property (1.66), which implies 
that U(k,z) is uniformly bounded for all values of к and all values 
of ζ with Rez > e , where e is positive; from requirement (i) 
follows only that U(k,z) is bounded for small values of к and ζ ; 
the requirement (ii) excludes, for any value of к , the possibility 
of singularities on the imaginary axis, in complex ζ plane, where 
the function U(k,z) is infinite. 
30 
CHAPTER II 
Kinetic theory of hard sgheres at low densities 
a. Binarli Collision Expansion 
The first purpose of this dissertation concerns the verification of 
phenomenological transport equations like (1.20) and (1.29), from first 
principles. Tor that reason we want to calculate the long time behaviour 
of the functions D ( o )(t) and D ( 2 )(t) defined in (I.32). 
The next purpose of such a calculation is the justification of pheno­
menological mode coupling theory and the comparison with results from 
computer simulation experiments. These points were discussed in chap­
ter I . 
The relative simplest and most well developed theory derived from the 
Liouville equation and capable of describing the long time behaviour 
of D (t) and D (t) is the kinetic theory of hard spheres at low 
densities. 
In the last decennium the main interest of kinetic theory was to develop 
density expansions for transport coefficients, such as the self diffu­
sion constant D . For a review see e.g. (Ernst 19б9а). 
Later on the low density version of kinetic theory was employed to 
calculate the velocity correlation function (which is the time deriva­
tive of D (t)) (Dorfman 1970, 1972; Pomeau 1971)· In this chapter we 
(2) 
extend this low density version, such that D (t) can be calculated 
too. The actual calculations of D (t) and D (t) will be performed 
in chapter III (d=3) and chapter IV (d=2) . 
Here a brief outline is given of the kinetic theory of hard spheres 
at low densities and it will be indicated how it can be derived star­
ting from the binary collision expansion for the streaming operator 
S (Zwanzig 1963), defined in (I.U). 
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We use a diagrammatic method to study kinetic theory, which has in 
fact been used Ъу many authors for deriving kinetic equations; see 
e.g. (Van Leeuwen 1965; Kawasaki 1965; Weijland 1967; Van Beijeren 19T1*)· 
We will review and slightly modify these diagrammatic representations. 
A convenient description of kinetic theory can Ъе given in terms of 
the kinetic (self) propagator for the tagged particle Γ-Κΐ,ΐ) , which 
is a wave number dependent one particle operator acting on functions 
of ν only and defined Ъу 
. < f ^ ) eІ*·*^ S t giv,) e-
ik
-
r1 > Ξ < f ^ ) r|(l,t)g(^) >1 . 
(II.1) 
Here f and g are arbitrary functions of ν ; the left hand side con­
tains the N body streaming operator and the canonical ensemble average; 
the right hand side is expressed as a one particle average, defined 
for any subscript i as 
< f(v.) >. Ξ 
1 1 
dv. *(v.) f(v.) . (II.2) 
1 ο X 1 
The normalized Maxwellian is given by 
'
 0
o
( v ) = ( l r ) d / 2 exp(-i/3mv2) . (II.3) 
We note that the tagged particle streaming operator Πηΐ,ί) still 
contains the full N body dynamics. 
In addition we introduce the kinetic propagator for a fluid particle 
r-*-(i,t) , which is a one particle operator acting on functions of v. 
only, and is defined by 
M < Σ f(7 ) e l k- rm S
+
 Σ g(v.) e"llc-rj > Ξ 
m=1 m Ь j = 1 ·> 
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< f(v.) r-j-(i,t) g(v.) >. , (Il.it) 
ι к ι ι 
where i may Ъе any number except 1 (to avoid confusion with the tagged 
particle). 
Strictly speaking the relations (II. 1) and (II.U) are introduced for 
finite systems. The thermodynamic limit will Ъе taken at the end of 
the calculations. 
Note that Γ-^ϊ,ΐ) describes the joint correlation functions between 
any fluid particle at time t and any fluid particle at the initial 
time, while Γ+Ο,ΐ) describes the correlation functions of the tagged 
particle. 
In particular the tagged particle current correlation function C(k,t) 
defined in (1.62) can immediately be written as a one particle average 
C(k,t) = < v^K r|(1,t) v^K >1 - (II.5) 
The k=o limit of this expression yields for the velocity correlation 
function 
C(t) = < v. ν (t) > = < v. r^l.t) v, > . (II.6) 
lx lx lx o lx 1 
In the remainder of this section we develop a kinetic theory for the 
special case of hard sphere systems, which leads to the diagrammatic 
representation for the propagators Г-»· and Fj as given in the next 
section. 
The starting point is the binary collision expansion for the streaming 
operator S applied to the case of hard spheres. 
For hard spheres the first problem is the non-existence of the opera­
tors θ occurring in the Liouville operator (1.5)· Because the opera­
tor S is well defined, also in hard sphere systems and generates the 
dynamics for all configurations, which are physically possible, one 
usually introduces a pseudo streaming operator by (Ernst 19б9Ъ) 
33 
S. = exp { t ( Σ L (i) + Σ Τ(α) ) } . (II.Τ) 
ΐ . ο 
ι α 
S is called a pseudo streaming operator since it is also defined for 
overlapping configurations, where the centers of any number of hard 
spheres are inside the action sphere of any other particle. 
The operators L (i) are defined in (1.6). The binary collision opera­
tor T(a) , where α denotes a pair of particles (ij) , is given Ъу 
T(ij) = о1"1 do | v. ..σ | S{r. .-од) { h^(ij)-1 } . (II.8) 
V. .ί<0 
IJ 
Here о is the hard sphere diameter of the d dimensional spheres, S 
a unit vector and the σ integration is an angular integration over 
the d dimensional unit sphere. The operator h.(ij) , acting on phase 
functions, replaces the velocities v. and v. by their values after a 
collision of the particles i and j 
/ · . \ • * • * /·*• » \ -b»(lj) v. = v. - (ν...σ;σ 
o i l ij 
b^ij) v. = v. + (v...σ)ά . (II.9) 
о J J iJ 
Due to the fact that in any collision between two particles the total 
energy, total momentum and the number of particles is conserved we 
have the following properties for the binary collision operator T(ij) 
T(ij) {'(Г) = о (II.10a) 
T(ij) (v.+v.) Г(Г) = о (ІІ.ІОЪ) 
. T(ij) (v^ +vl1) f'(r) = ο , (II.10c) 
-^ J 
where f'(r) is алу phase function independent of the phases of the 
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particles i and j . 
The Ъіпагу collision expansion of the streaming operator expresses S 
as an infinite series involving products of free streaming operators 
S and binary collision operators T(ij) . 
The free streaming operator generates the motion of particles in the 
absence of interactions, where it factorizes into 
N 
S° = Π S°(i) . (11.11) 
* i=i г 
Here S (i) is the one particle free streaming operator, which for­
mally can Ъе written as 
S°(i) = exp { t L
o
(i) } , (11.12) 
where L (i) is given in (1.6). From (II.7), (II.11) and (11.12) it 
is easy to derive the relation 
S t = S° + (S
0
 ώ Σ T(a)S ) t , (11.13) 
where the asteriks denotes a convolution product in time defined as 
(f*g)(t) 
•t 
at· f(t') g(t-t·) . (ii.ii+) 
о 
Iteration of (11.13) yields the binary collision expansion for S 
S = S 0 + S 0 * Σ Τ(α) S 0 + S 0 * Σ Τ(α) 3° * Σ Τ(/3 ) 8° + ... 
= S 0 + Σ Σ ... Σ 3° Α Τ(α,) 3° * ... Τ(α ) 3° , (11.15) 
. ι m 
m=1 a. a 
1 m 
in which we have omitted the time dependence of the streaming operators. 
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Each term in the binary collision expansion is determined by an inte­
ger m (denoting the number of collision operators involved) and an or­
dered set of pairs of particles (a , ... , a ) . It represents а 
1 m 
dynamical process, the meaning of which can be obtained directly from 
the action of the binary collision operator T(a) and the free streaming 
operators. 
Since two particles can never collide twice in the absence of inter­
actions with other particles, we have the property T(a) S Τ(α) = о . 
Therefore the index pairs of subsequent Τ operators in the expansion 
(ILI?) may taken to be different and then (II.15) reduces to the usual 
form given in the literature (Zwanzig 19бЗ)· 
As the next step in developing a kinetic theory one substitutes the 
binary collision expansion (II.15) for S into the definition equations 
—s — 
(II.1) and (II.lt) for г?( 1> ) and r-^i.t) respectively. 
In the remainder of this section we consider the derivation of a dia-
grammatic representation for Γ-ν only. The derivation for Π* goes along 
similar lines. 
An explicit expression for Гс(1, ) is obtained from the definition 
(II.I) specialized to the hard core system 
N 
1"··» • ^ ετντ 1 Π dr dv φ (ν ) ) W(r) [ВСЕ] e " l k - r l . s s о s 
s=2 
( I I . 1 6 ) 
The integration over r1 yielding a factor V has been carried out since 
the integrand does not depend on r due to the translational invariance 
of the equilibrium state. 
Here [ВСЕ] represents the binary collision expansion (II.15) for the 
streaming operator S . 
The pverlap function (Г) = W(r , ... , r ) is zero for spatial con­
figurations in which at least two particles overlap and it is one for 
all non-overlapping configurations. The configurational partition 
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function Ο,ν,ίν) is defined as 
У
 ) dr1 dr N W(r) . (11.17) 
The function W(r) can Ъе expanded in a series of Mayer functions 
(Uhlenbeck 19б2) 
W(r) = Π (1+f ) = 1 + Σ f + Σ Σ f f, + ... , (11.18) 
α α α βΦι 
where the Mayer function f =f. . equals zero if the particles i and j 
are outside each other and minus one otherwise. 
This expansion together with the Ъіпагу collision expansion (11.15) 
may Ъе substituted into the relation (II.l6) for Г* and each term in 
the expansion for Г-+- may be represented by a diagram. 
Having obtained a diagrammatic representation of the propagator ГЯ 
one can apply standard methods of many body theory to derive kinetic 
equations for the problems of interest. 
Here we could apply this systematic theory to discuss the long time 
behaviour of the functions D (t) and D (t) for hard sphere systems, 
although the explicit calculations are rather complicated. 
Therefore, to simplify the presentation, we restrict ourselves from 
now on to low densities. 
First we state how the kinetic theory of hard spheres at low densities 
is obtained from the systematic theory 
(i) Omit all statistical correlations in (II.16), i.e. replace the ca­
nonical distribution function of the hard sphere system by the 
distribution function of the ideal gas. Explicitly 
W(r) = 1 (II.19a) 
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Уν) = νΝ . (ІІ.19Ъ) 
(іі) Neglect the о dependence of the δ function occurring in the 
expression (II.8) for the Ъіпагу collision operator, i.e. write 
T(ij) = «(?..) Τ (ij) , (11.20) 
ij о 
where 
•Mij) = o d " 1 Í dff lv^.ff l { b $ ( i j ) - 1 } . (11.21) 
v. . .σ<ο 
i j 
We refer to Τ (ij) as the binary collision operator and note that 
it acts on the velocities of the particles i and j only. 
Hext we discuss these approximations and the validity of the resulting 
kinetic theory in more detail. 
The study of kinetic theory has taught us already that virial expan­
sions for transport coefficients do not exist. If one tries to find 
for a transport coefficient an expansion in powers of the density, 
almost all coefficients diverge. This is due to purely dynamical pro­
cesses involved in the binary collision expansion (11.15), which contain 
persistent memory effects. These processes are described extensively 
in the literature (Cohen 19бт), and we leave out the details here. 
Furthermore it became clear that similar dynamical events were res­
ponsible for persistent correlations in the velocity correlation func­
tion (Dorfman 1970,1972,19т1»; Resibois ^T 1*; Dufty 1971t). They give 
contributions to time correlation functions (such as the velocity cor­
relation function), which are slowly (i.e. non-exponentially) decaying 
functions of t/t . Here t is the mean free time between collisions 
о о 
and represents the relevant time scale in dynamical processes. 
The systematic kinetic theory shows that the qualitative behaviour of 
З 
these dynamical processes (which arise from the binary collision ex­
pansion (II.15)) for large values of t/t , is unchanged, if statis­
tical correlations are taken into account (which arise from the Mayer 
expansion (II.18)). Quantitatively, statistical correlations yield 
higher order density corrections to the contributions of purely dyna­
mical processes. 
We leave out a detailed proof of this statement but mention that it 
may be plausible from the following arguments. 
The relevant scale to measure distances in dynamical processes is the 
mean free path I , which is of the order I ~ < I vj > t ~ 1/(n σ ) , 
o o l o o ' 
The relevant scale to measure distances in statistical correlations 
is the correlation length, which is of order a . Therefore if one omits 
statistical correlations, one neglects contributions to the dynamical 
processes, which are of higher order in the density, since ο/I ~ η a 
о о 
Next we consider the second approximation (11.20). The systematic theo­
ry shows that qualitatively the long time behaviour of dynamical pro­
cesses is unchanged by this approximation, and quantitatively one 
neglects contributions of higher order in the density. 
By comparing the Fourier transforms of 6(r..-o9) (which occurs in the 
exact Τ operator (II.8)) and S (г..) (which occurs in the approximation 
(II.20)) one observes, that the difference exp(-ik.off)-1 is of higher 
order in the density for values of к , which are relevant in dynamical 
processes, i.e. к < I 
о 
In summary, one can show the following statements from the systematic 
theory: 
- The approximate kinetic theory deduced from the approximations (II.I9) 
and (II.20) predicts that certain dynamical processes give contri­
butions to the velocity correlation function, which are slowly de­
caying functions of dimensionless time t/t . These processes give 
similar contributions to the time de- endent super Burnett coeffi­
cient. If one collects all terms wd η the same asymptotic long time 
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behaviour, then our approximate kinetic theory predicts this beha­
viour correctly to lowest non-vanishing order in the density, with 
the following restriction. 
The above statement does only hold for asymptotic corrections, which 
-1/2 
are larger than 0(t ) relative to the dominant behaviour. 
"his point will be discussed further at the end of chapter III. 
- For times of order t the approximate theory is equivalent with the 
linearized Boltzmann equation; i.e. it predicts the dominant short 
time behaviour in lowest order in the density. 
Next we consider the resulting kinetic theory and sketch the deriva­
tion of a diagraimatic representation. 
The approximations (11.19,20) yield for the kinetic self propagator 
Γ-+ the expression 
. r|(l,t) = e i L ? 1 V- N + 1 
Π ( d? dv φ (ν ) ) [ВСЕ]' e 1 к * Г 1 , (11.22) 
0 S Ξ Ο S ' S=¿ 
where the prime on [ ВСЕ] indicates that we have replaced all binary 
collision operators T(a) occurring in the expansion (11.15) by the 
approximate expression (11.20). Each term in (11.15) yields one term 
in (11.22). 
Mext we study the non-vanishing contributions of each term in the 
binary collision expansion (11.15) to the propagator Гг+ in (11.22). 
To this aim the properties (II.10) are needed. From (II.10a), (11.20) 
and properties of the free streaming operator (11.12) it is easy to 
see that 
T
o
(ij) S° ί·(Γ) = о 
1+0 
where f'(Γ) is any phase function independent of the phases of parti­
cles i and j . 
Since the operator IV acts on functions of ν only, we have the follo­
wing property for each non-vanishing term in the binary collision ex­
pansion (11.22): 
Heading a term in the ВСЕ from the right to the left at least 
one of the particle lahels in each Τ (ij) operator is equal to 
о 
1 or equal to a particle ІаЪеІ, which occurred already to the 
right. (II.23a) 
The next property of non-vanishing terms in (11.22) is the hermitean 
conjugate property of (II.23a) and can be deduced directly from the 
hermiticity of Τ (ij) , with respect to the inner product (I.l6): 
Reading a term in the ВСЕ from the left to the right at least 
one of the particle labels in each Τ (ij) operator is equal to 
о 
1 or equal to a particle label, which occurred already to the 
left. (I1.23b) 
Terms in the ВСЕ, satisfying property (II.23a,b) can be distinguished 
according to the number of particles m(m=1,2,...,N) , whose labels 
are connected to one another through property (ll.23a,b), and are 
called connected terms of m particles. 
We perform in each connected m particle term the integrations over 
the spatial and velocity coordinates of the Η-m particles, which are 
not connected to particle 1 , yielding a factor V , and we relabel 
the m connected particles with the labels 1,2,...,m in natural order 
as they occur from the left to the right in each term of the binary 
collision expansion. 
There exists in the ВСЕ (11.22) (N-1 )!/(N-m)! identical terms, the sum 
of which is called the weiqht W(N;C ) of a connected m particle term С 
m m 
1+1 
Hence we can write (11.22) as 
N 
Г|(1, ) = Σ Σ W(N;C ) , 
m=1 {С } 
m 
(II.2l*a) 
where 
W(N;C ) = е І к" Г1 (N-1 )! /(Η-m)! V" m + 1 
m 
( Π dr dv Φ (ν ) ) С е"Ік-Г1 
_ s s о s m 
s=2 
(II.2l»b) 
Неге С represents a aonnected m particle term, in which the particles 
are labeled in natural order. The sum over {C } in (II.2l*a) extends 
m 
over all possible С terms with m particles. 
m 
In the thermodynamic limit (V-*«>,N-w°,N/V=n is fixed) we have 
о 
r f O . t ) = Σ Σ W(C ) , 
m=1 {С } 
m 
( I I . 2 5 а ) 
where W(C ) i s t h e thermodynamic l i m i t of W(N;C ) , and i s given by 
m m 
.-*- ->-
..,.,
 N i k . r . m-1 W(C ) = e I n 
m о 
( Π dr dv Φ (ν ) ) С e' 
_ s s о s m 
s=2 
•ik.r 
1 , (I1.25b) 
where the spatial integrations extend over infinite space. 
As an illustration we consider the first two terms in (II.25a). 
For m=1 we have 
„,_ \ ik.r, -О,, \ -ik.r. r.0/^ <\ W(C ) = e 1 S (1) e 1 = S (k,1) , (11.26) 
1*2 
where S (11,1; is the Fourier transform of the free streaming operator 
of particle 1 
S°(k,l) = ехр(-ік. ^ ) . 
The next term with m=2 reads 
(II.27) 
W(cJ ж
 e
^^
τ
^
 n ¿ о dr2 dv2 ^ 0(v2) 
S0(12) * 8(?10) Τ (12) S
0(12)
 е
'
І к
-
Г1 . 
1 ¿ о 
We can replace both operators S (12) under the integral sign Ъу S (1) 
and reduce the result to 
W(CJ « S0(k,l) * η Λ8(1) S°(k,l) , ¿ о (II.28a) 
where t h e Lorentz-Boltzmann operator Λ ( l ) i s 
A S (1) = dv 0 (ν ) Τ (12) . ¿ o ¿ о ( I I . 2 8 b ) 
A final simplification is obtained by using the Fourier representa­
tion of the operator С in (ІІ.25Ъ). We insert between any two succes-
m 
sive operators S and Τ (ij) occurring in С , completeness relations 
о m 
for plane waves of the forms 
,. f dî. . .dî I Î . . . Î > < Î . . . Î I , 
J 1 m 1 m " m 
( I I . 2 9 a ) 
where 
m 
I î . . î > = Π exp(ik . г ) l m _ . s s 
s - I 
(I1.29b) 
and 
1+3 
< к . . к | А ( г , . . , г ) > l m l m 
m . .•+ •+ 
ч-d .-»· - i k . г , . ( Π ( a r ) u dr e X V в ) A i r , , . . , г ) . ( П . 2 9 с ) 
i 8=1 S l m 
As a r e s u l t t h e operators in С are replaced Ъу 
. < к ! . . к ' I T ( i j ) I k ' ' . .k" > = l m l m 
(2>r)"d Τ ( i j ) «(kí+k'.-kV-Í'.') Π 6 ( k ' - k " ) i j i j
 з ф і
^ s s 
and 
m 
. < k ! . . k ' I S° I k ' ' . .k" > = Π S ° ( î ' , e ) 5(k ' - i?") , 1 m 1 m . t s s s 
s=1 
where Sík-k') represents a d dimensional Dirac δ function and one has 
to integrate over all intermediate к vectors. 
In the next section all connected ordered m particle terms С in 
m 
equation (II.25a) for r3-(l,t) will Ъе represented by diagrams. 
The reduction of the ВСЕ for the fluid propagator r-4i,t) given in 
(II.lt), to connected ordered m particle terms goes completely simi­
lar. These terms will again Ъе represented by diagrams. 
It It 
b. Diagrarmatic Representations 
The operators Γ^(ι,ΐ) and Г-*(і,і) defined Ъу (II. i) and {IIΛ) respec­
tively will Ъе represented Ъу a double straight line, labeled (1,k) 
and (і,Ю respectively, as is shown on the left hand side of figure 1 , 
where the vertical axis is the time axis from the top (t=o) to the 
bottom (t) . 
The operators S (к,i) (i=1,2,...) (II.2?) will be represented by single 
solid lines, labeled (i,к) ,and the Τ (ij) operators (11.21) by dots. 
The right hand side of figure 1 contains all diagrams, which can be 
built up from dots and line segments such that: 
1. each diagram can only contain vertices of type 1 , 2 , 3 or k as is 
shown in figure 2 ; 
2. no line segments, except one at the top and one at the bottom, have 
an open end; 
3. the dots are labeled as they occur from the top to the bottom by 
an ordered set of times t , t , ... , and ordered time integra­
tions are performed from t=o up to t ; 
it. each line segment is labeled by a wave mmber and a particle label; 
the particles are labeled in natural order 1 , 2 , ... , m as they 
occure from left to right in the connected ordered m particle terms; 
5. the first and the last line segment occurring in each diagram have 
the same wave number and particle label as Γ^ -( 1 ,t ) or P-^i.t) ; 
6. at each dot the sum of incoming and outgoing wave numbers is the 
same and one integrates over all wave vectors except к each with 
a weightfactor (2π) ; 
7. at each dot the particle label of the left incoming and left out­
going line segment is the sane; 
8. at each dot with two incoming and two outgoing line segments also 
the right incoming and outgoing line segments have the same particle 
label; 
¡*5 
к 
•ι 
1 
и 
t. 
) 
) 
+ k-q 
figure 7 Diagrammatic representation of the propa­
gator r?(1,t) . The representation of 
IV(i,t) is obtained by replacing 1 with i 
¡+6 
9· at each dot with one incoming and two outgoing line segments a new 
particle label j has to be introduced for the right outgoing line 
->-
segment and one integrates over the velocity v. with a weight func-
J 
tion η Φ (v.) . 
о О J 
The rules how to read the diagrams are slightly different in the cases, 
where figure 1 represents the expansion of Г or Г . 
Let us first discuss the case that figure 1 stands for the diagram 
expansion of r5-(1,t) : 
a. reading a diagram from the bottom to the top one has to write down 
the corresponding expression from the right to the left; 
Ъ· each dot occurring in a vertex of type 1 or 2 represents the binary 
collision operator Τ (ij) given in (11.21), where i and j are the 
о 
particle labels occurring in the vertex; 
c. each dot occurring in a vertex of type 3 represents Τ (ij) if i 
о 
or j equals 1 (the label of the tagged particle) and represents 
Τ (ij) (l+P..) in all other cases, where i and j are the particle 
o IJ 
labels occurring in the vertex and the permutation operator P.. 
interchanges the labels of particles i and j ; 
d. each dot occurring in a vertex of type It represents the operator 
η Λ (1) if i=l and represents η Л(і) in all other cases, where i 
о о 
is the label occurring in the vertex; the Lorentz Boltzmann opera­
tor Л (l) is defined in (ll.28b), the Boltzmann operator Л(і) will 
be defined below; 
e. each line segment labeled with wave number q. and particle label i 
between dots labeled with times t and t represents a free particle 
о /-*• . \ 
propagator S (q,i) · 
*1 
Secondly if figure 1 stands for the diagram expansion of Γ^(ϊ,ΐ) with 
ІФІ , the same five rules a. - e. are applicable except for the fact 
that the tagged particle label 1 is forbidden everywhere inside the 
Θ 
figure 2 Types of vertices, which may occur 
in the diagrams representing r-v(l,t) 
and r->-(i,t) . 
1*8 
diagrams. 
For our purpose it is convenient to carry out a further resimnation. 
Consider the Boltzmann propagator for the tagged particle Γ-^Ι,ΐ) and 
the Boltzmann propagator for a fluid particle r->-(i,t) defined as 
q 
rf(l,t) = ехр(іД(іН) (II.30a) 
1 4. 
iMi.t) = exp(L->-(i)t) , (ІІ.ЗОЪ) 
я. q 
where 
іД(і) = -iq.v, + η AS(1) (I1.31a) 
q l o 
M i ) = -iq.v. + η Л(і) . (ІІ.ЗТЬ) 
q l o 
The Lorentz-Boltzmann collision operator for the self motion of a 
tagged particle was defined as 
| d? 2 ФОІ Λ (1) = I vo 0_( 2) Τ (12) . (II.32a 
The Boltzmann collision operator describing the motion of the fluid 
is given Ъу 
л(і) = r dv. φ (v.) Τ (ij) (1+P..) . (ІІ.32Ъ) 
J о j o ij 
By expanding the Boltznann propagators in Boltzmann collision opera­
tors and free streaming operators, one sees that Г-»-( 1 ,t ) and r-i-(i,t) 
1 q 
represent the sum of all diagram, which can Ъе built according to 
the previous rules, if one allows only vertices of type 4 . 
This observation can be used to resum diagrams with free streaming 
operators S (q,i) and vertices of type 1 , 2 , 3 , h , to diagrams 
1+9 
with vertices of type 1 , 2 and 3 only, in which the free particle 
propagator S (q,l) for the tagged particle is replaced Ъу Γ-*(ΐ,ΐ) 
о -»• ^ 
and in which S, (q.,i) (i=2,3,··.) is replaced Ъу r-*(i,t) . 
t q 
Therefore, in the diagrams to be aoneidered we exclude vertices of 
type 4 j we omit rule d. and change rule e. into e'. , reading: 
e'. each line segment with wave number g and particle lahel i between 
dots labeled with times t and t respectively represents either 
the Boltzmann propagator for the tagged particle Г-*( 1 ,t -t ) if 
i=1 or the Boltzmann propagator for a fluid particle r-*(i,t) in 
all other cases. 
With the help of the new diagram rules the diagrammatic expansion 
of figure 1 can now explicitly be written down as 
r|(i,t) = r|(1,t) + RjO.t) + ... , (II.33a) 
rj(i,t) = r+(i,t) + Rj(i,t) + ... . (ІІ.ЗЗЪ) 
The first term on the right hand side is the weight of diagram la 
The so called ri 
and is equal to 
ng propagator E (or R) is the weight of diagram lb 
Rf(l,t) = ft d t i 
о 
dtg J dq (2ff)"d J dv2 n o 0 o (v 2 ) 
1 
Г
І'
( 1> T o ( 1 2 ) ^ ' • V * ! 5 ^ ' W т о ( 1 2 ) ΓΙ<1.*-*2> · 
( I I . 31*) 
An analogous expression holds for Rr»-(i,t) . 
The operator corresponding to diagram 1c is referred to as the repeated 
ring propagator. 
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о. Properties of Boltzmann propagators 
3 
In this section we study the Boltzmann propagators Г-*· and Г-»- defined 
in (11.30) in more detail. 
If we define an inner product in the one particle velocity space for 
any two functions of v. as 
< f I g >. = < f* g >. , (11.35) 
where the average is defined in (II.2) and where i=1 refers to the 
tagged particle and i^ l to a fluid particle, then L (l) = η Λ (i) and 
s
 0 0 
L (i) = η Л(і) are hermitean operators, but ІЛ(1) and L-»-(i) are clear-
o o ^ q q. 
ly not for qíO , as can be seen from (11.31). 
s We assume that in some q region around q=o the operators L-»- and L->· 
1 1 
have a complete set of eigenfunctions (Scharf I969) labeled with λ and 
denoted by 
. іД(і) 9І*Х1$
Л
) = ζ^ 'λ ^ ( τ , ) , (П.Зба) 
q q 1 q q 1 
λ . . 
where the eigenvalues are denoted by ζ and have a non-positive real 
part. If q=o both spectra are real and non-positive, some eigenvalues 
are zero and there exists a gap between the zero eigenvalues and the 
first non-vanishing eigenvalue, which is of the order of the inverse 
mean free time (t ) , as is discussed extensively in reference 
(Foch 1970) 
The operato 
the unit function. The operator L (i) has d+2 eigenfunctions with 
zero eigenvalue; they are the summational inv 
This can immediately be proven from (II.8-10) 
r L (l) has only one eigenfunction with zero eigenvalue, 
о 
m
0
 . * 2 
zero eigenvalue; they are the summational invariants 1 , v. and v. 
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Using ordinary perturbation theory, where q. is used as the expansion 
s / V . 
parameter, one finds one eigenfunction of L-н 1) with vanishing eigen­
value as q approaches zero. This eigenfunction is called the diffusion 
mode 
. ^ ( ^ ) = 1 + iq (n
o
A Sr 1 q.^ + 0(q2) , (11.37) 
q 
and the corresponding eigenvalue is 
. z^ = -D q 2 + 0(qh) , (11.38) 
q о 
where the Boltzmann self diffusion coefficient is given Ъу 
•
 D
o
 =
 -
 < V1x ( п о Л В Г І v1x ^ · ( Ι Ι · 3 9 ) 
From the fact that there is a garc of order t in the spectrum of L 
о о 
it is clear from perturbation theory, that the concept of "diffusion 
2 
mode" may only he used if D q t << 1 , which will be sufficient for 
our purposes. 
Using perturbation theory for degenerate eigenvalues one obtains d+2 
eigenfunctions of L->-(i) with eigenvalues approaching zero as q goes 
to zero. These are the hydrodynamic modes and corresponding hydrody-
namic frequencies denoted as φΊ- and ζ respectively, where j = 1 , 2 , 
... , d+2 . In lowest order in q they are given in refs. (Ernst 1972a; 
Dor finan 1972). 
The heat mode in lowest order in q is given by 
Д ( . ) = {2(d+2)}"5 {0mv2-d-2} , (II.1*0) 
q 1 1 
with corresponding eigenvalue 
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zT = - D o 2 + 0(q3) . (II.Í.1: 
q lo 
Here D is the (low density) Boltzmann value of the thermal diffu-
sivity 
•
 DTo = Ч ' ( І І Л 2 ) 
where λ is the low density value of the heat conductivity and с is 
ο ρ 
the ideal gas specific heat per particle at constant pressure in d 
dimensions с = к (d+2)/d . 
Ρ В 
The two sound modes to lowest order in q are given by 
V°(v.) = (2d(d+2))~^ 0m { v? + aie q.v. } (II. 1*3) 
q 1 1 0 1 
with corresponding eigenvalue 
z" = - i σ с q - Ι Γ q" + 0(q.J) . (II. Uit) 
q o so 
Here σ = + 1 , с = {(d+2)/(0md)} is the ideal gas sound velocity 
- о 
and Г is the low density value of the sound wave damping constant 
Γ = (γ -1)
 С ф
 + 2 •^ч' . (II. 1+5) 
so о То d o 
Неге γ = с /с,, = (d+2)/d and the low density value of the kinematic 
ο ρ V 
viscosity ν is equal to ν = η /(mn ) where V is the low density 
о o o o о 
value of the shear viscosity. 
We will need explicitly the d-1 normalized shear modes in first order 
in q which are, in any dimension, given by 
vJiv.) = (ßm)1 qf^.v. + 
q 1 1 . 1 
(dm)* iq (п
о
Л(і)Г 1 q.v. ξ[ 5 ).ΐ. + 0(q2) , (II.1*6) 
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with corresponding eigenvalue 
ζ J = _р q¿ + od! ) . (11.1*7) 
q о 
Here j=1 , ... , d-1 and q.J are d-1 orthogonal unit vectors perpen­
dicular to q. . 
The diffusion mode (11.37) and the hydrodynamic modes (Il.!+0,li3,i*6) 
are right eigenfunctions of L->-(l) and L-^i) respectively. Completeness 
relations for these operators generally involve tjiorthogonal sets 
of right and left eigenfunctions; the left eigenfunctions being the 
eigenfunctions of the hermitean conjugates of L->-( 1 ) and L->-(i) , given 
•1 4 
by 
іД
+(і) = iq.v. + η AS(1) , (ІІ.ЬВа) 
q ι о 
ЬІ(і) = iq.v. + η Л(і) , (II.U8b) 
q i o 
where we have used the hermitean property of the operators Λ (l) and 
A(i) . 
st t 
The eigenfunctions and eigenvalues of L-». (1) and L-»-(i) are denoted 
ч ^ > ~ \ ^ìi 1 Q. 
by φ-*-' , zV and φ-* , z-y respectively. Due to the fact that Λ and 
q 1 4 q 
Λ are real and symmetric operators we have the properties 
~s,X s,X<r ~s,X s.X* .__
 1 л . 
φ-*' = φ-*' , ζ-»-' = ζ-*' , (I1.49a) 
q Ч Ч q 
φ·+ = φ->- , ζ-* = ζ->- . (ІІ.Ч9Ъ) 
1 4 1 4 
By virtue of the isotropy of Λ and Λ in ν space , z-*' and z-> are 
also eigenvalues of L-»- and L-»· respectively, with eigenfunctions 
¥>-»- (-v.) and φ+ (-v.; . 
q 1 q ι 
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The functions φ·*-* and φ-*-' form a t>iorthonormal set, i.e. 
< VJ->' | ifi+' > = S and similarly for the functions φ and φ q q 1 λ,λ' 
These biorthonormal sets can be used to decompose the propagators Γ 
and Γ into 
rl(l,t) =1 v>^  > exp(zSt) < φ% I 
q q 1 q. 4 
+ Σ' | ν>1'λ >, exp(z5.'Xt) < 71'λ I (II.50a) 
r+(i,t) = Σ I vì >. exp(zJt) < ίί I q . q ι q q 
J 
+ Σ' | φ* >. exp(z-vt) < ψ+ I , (ІІ.50Ъ) 
λ
 Ч ι q q 
where j=1 , ... , d+2 and the prime on the summation sign indicates 
that λ runs over all eigenfunctions except the diffusion mode (II.50a) 
or the hydrodynamic modes (ll.50h). 
On a time scale where t is measured in units t and q is such that 
2 0 
Dq t << 1 , the first term on the right hand side of (II. 50a) and 
о 
(ІІ.50Ъ) is slowly decaying in time while the second term is fastly 
damped. Therefore we define the projection operator on the diffusion 
mode as 
. p*(l) = | „! > < £3. | (11.51) 
q q 1 q 
and the projection operator on the hydrodynamic modes as 
. Р ?(І)=2РІ(І) 
. РІ(І) = I Л >. < φί I , (11.52) 
q q ι q 
where j=1 , ... , d+2 
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- к 
figure 3 : Decomposition of the Boltz-
mann propagators into a slow­
ly and a fastly decaying part. 
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These projection operators can be used to divide the propagators into 
a slowly decaying part ( Ρ-»- Γ-»- and P+ Гн- ) and a fastly decaying part 
Q Q Q. 1 
((l-pS) ГІ and (1-P+) Г-»-) respectively. 
4 1 g gl 1 
The operators P+ Г-* and Ρ*- Г-* will he denoted in diagrammatic form 
q ч _ q q 
as a dashed single straight vertical line (slow decay); the operators 
(1-P ) Г and (1-P) Г are denoted Ъу a dotted line (fast decay). 
Figure 3 represents the equations (II.50) in diagrammatic form. 
Since we are interested in long times it is sufficient for our purpo-
g 
ses to replace the fastly decaying parts of Г and Г by properly nor­
malized δ functions in time, and for small values of q equation (11.50a) 
may, therefore, approximately be written as 
. rl(l,t) = PS(1) exp(-D q2t) + (l-pl(l)) { iq.v, - η Λ3 Γ 1 S(t) . q q о q l o 
(11.53) 
This expression is useful for practical calculations. When formal 
difficulties arise one has to use the exact formula (II.50a). 
As can be verified afterwards we only need the slowly decaying part 
of iMi.t) 
q 
d+2 . . . 
P-»U) r->(i,t) = Σ I vl >. exp(z0t) < φί I . (II. 5lt) 
q q j
= 1 q ι q q 
In concluding this section we mention two useful properties of the 
binary collision operator Τ (ij) defined in (11.21). 
о 
Since the d+2 hydrodynamic modes in zeroth order in their wave number 
dependence are linear combinations of the summational invariants 1 , 
•* 2 
ν , ν one has for q-Kj , к-кэ 
. Τ (12) { *І(* ) + φί{* ) } = о , (11.55) 
ο q 2 q 3 
. T
o
(23) { V ^ V + 4 ( 73 ) } { φί^2) + V'| (^3 ) } = 0 ' (11.56) 
57 
From t h e d e f i n i t i o n of t h e Lorentz-Boltzmann c o l l i s i o n operator given 
in ( I I . 3 2 a ) and t h e fact t h a t t h e di f fus ion mode equals 1 in lowest 
order in q' i t follows from (11.55) t h a t for q-4> , q'-*O 
. < Τ (12) *І( _) « S ^ v J >_ = - AS(1) Jiv.) ¿,(Y.) 
о q 2 q l 2 1 ι Q ι 
< φϊη) v - f . i v ) Τ (12) > = - v i t v j ч,і,& ) AS(1) . (11.57) 
q 2 q' 1 о 2 q 1 q 1 
From the definition of the Boltzmann collision operator (II.32b) and 
the property (ΙΙ.5Ό it follows that for q-*o , к-ю 
. < Τ (23) (1+P.J ¿G.) І( .) > = - Λ(2) 4 ( v , ) vÌl%) 
o 2 3 K 2 q 3 3 K 2 q 2 
• < <4(vJ ^ ( v _ ) Τ (23) (1+P 0 J >- = - 4^o) 1À&0) ^ ^ · k 2 q 3 o 23 3 K 2 q 2 
(11.58) 
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d. D-Lagrammatic representation for the super Burnett coefficient 
The diagrammatic representation for І (1, ) , given in figure 1, and 
studied in the previous sections can be applied to the calculation of 
the velocity correlation function C(t) using the expression (II.6). 
The explicit calculations will be performed in the next two chapters. 
From the results one immediately obtains expressions for the time de­
pendent diffusion coefficient E (t) using (1.1*5) and the quantities 
E^t) , E2(t) , E (t) defined in (1.1*7-50). 
In order to calculate, from kinetic theory, the time dependent super 
(2) 
Burnett coefficient D (t) , given in (1.1*6), we have to adapt the 
kinetic theory given so far to the calculation of the four point velo­
city correlation function occurring in the expressions (1.1*6) and (1.1*7) 
(2) for D (t) and E(t) . The function E(t) , which is the ordered time 
integral over the four point velocity correlation function can be cal­
culated from the same kinetic theory with slight modifications. The 
modifications are: 
1. E(t) is represented by the set of all diagrams, which can be obtained 
by attaching four crosses to the tagged particle line of each diagram 
occurring in the expansion of Γ (l,t_) drawn in figure 1: one cross 
о 3 
at the top, t=o , one cross at the bottom, t , and two crosses at 
intermediate levels, labeled with times t and t . 
2. One has to perform time ordered integrations from о up to t over 
t, > ^  , t and the times corresponding to the dots. 
3. Each cross represents the tagged particle velocity ν and one 
integrates over ν with a weight function Φ (ν ) . 
1*. Furthermore the diagrams have to be read according to the rules a. , 
b. , c. and e'. given in section b, where a cross is equivalent 
to a dot as far as rule e'. is concerned, and vertices of type U 
(see figure 2) are forbidden. 
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Eventually one may resum diagrams according to the expansion of fi­
gure 1. 
Explicit calculations for E(t) will Ъе carried out in the next two 
chapters. 
60 
CHAPTER III 
Kinetic theory calculations in three dimensions 
a. The velociti! corrélation function 
In this chapter we explicitly calcu]ate the long time behaviour of 
the velocity correlation function and the super Burnett coefficient for 
a three dimensional hard sphere system at low densities. 
We start in this section with the velocity correlation function given 
by the expression (II.6) 
•
 H ( t ) = <
 1х 1х( ) > = < 1 х ^ 1 ' ) ^ ! ' ( I I I - I a ) 
This function is represented in diagrammatic form by the left hand side 
of figure 1*, where the two crosses stand for the two velocities and 
the double straight line for Γ (l,t) , according to figure 1. 
Following the expansion of figure 1 or equivalently relation (II.33a) 
we obtain 
c(t) = c(B)(t) + c(R)(t) + ?(c)(t) + c(d)(t) + c(e)(t) + ... , 
(III.lb) 
~(в) ~ 
where С (t) is the Boltzmann contribution to C(t) represented by 
~(R) 
diagram a in figure ^, С (t) is the ring contribution represented 
by diagram b, and so on. 
On the right hand side of figure h we already applied the decomposi­
tion of the Boltzmann propagators Γ+'ΐ,ΐ') and Γ-»·(ί,ΐ') into a fastly 
q 1 
and slowly decaying part according to figure 3 and relation (II.50) 
Using the fact that 
PS(1) I V. > = о ; < ν, I PS(1) = ο , (ill.2) 
o lx lx о 
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figure 4 Various contributions to the velocity 
correlation function in a three dimen­
sional system. 
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it is seen directly that all diagrams on the right hand side of figure 
h start and end with the fastly decaying part of the Boltmann self pro­
pagator. 
The Boltzmann contritmtion to the velocity correlation function (dia­
gram a in figure h) is given Ъу 
C ( B )(t) = < v, rs(l,t) v, > . (III.3) 
lx o lx 1 
Using the approximation (11.53 ) for Г (1,t) and the definition for 
the Boltzmann value of the linear self diffusion coefficient (11.39) 
we otitain 
C ( B )(t) = D «(t) . (III.ll) 
о 
This will be sufficient for our purposes since we are interested in 
long times, where the short time behaviour of C(t) may be represented 
by a properly normalized 6 function in time. 
'•(В) 
It is still interesting to study the short time behaviour of С (t) 
in somewhat more detail. 
Substitution of the exact expression (11.30) for rs(1,t) into ( Ш . З ) 
о 
yields 
C ( B )(t) = < ν 1 χ exp(noA
s(i)t) ν 1 χ >, . 
""(В) 
The function С (t) can be calculated in successive Enskog approxi­
mations, which is a well-known procedure (Chapman i960) to solve the 
linearized Boltzmann equation yielding explicit expressions for the 
transport coefficients in lowest order in the density. 
The first Enskog approximation restricts the space of functions f(v ) , 
where Л (l) is acting on, to the functions v., , v. , v, only. 0
 ' 1x 1y 1z 
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Then Λ (i) becomes a diagonal 3 x 3 matrix. The calculation leads direct­
ly to 
C(B)(t) = (0m)"1 exp(-|t/t
o
) , (d=3) (III.5) 
where t is the low density value of the mean free time 
о 
.
 t mlÊ*/iL· . (d=3) ( m . 6 ) 
0
 Un о2 
о 
The time integral of (III.5) yields the value of the Boltzmann self 
diffusion coefficient D in first Enskog approximation 
• і ,=ік
г
о'
 (d=3) ( Ι Ι Ι
·
Τ ) 
As is pointed out in the literature (Chapman i960) [D ]. differs 
only a few percent from D 
For times of order t the contributions of the next terms in the ex-
o 
pansion (III.lb) turn out to be of higher order in the density, and 
so the expression (III.5) describes the dominant behaviour of the ve­
locity correlation function for small time (t — t ) and low densities. 
~(B) 0 
We may conclude from (III.5) that С (t) is indeed fastly decaying. 
Next we calculate the ring contribution to the velocity correlation 
function starting from the definition 
C(R)(t) = < ν 1 χ R*(l,t) ν 1 χ >1 , (III.8) 
where the ring propagator is given in (ΙΙ.3Ό. 
From property (III.2) it is seen that only the fastly decaying parts 
of Г (l,t,) and Г (l.t-t^) in expression (II.3h) enter into the ring 
o í о 2 <R; 
contribution (III.8). The long time behaviour of С (t) is obtained 
by replacing Γ^ ·*( 1 ,t -t ) and Г*(2, -t ) in (II.31*) Ъу their slowly 
6k 
decaying parts as is indicated in diagram Ъ of figure h. 
For t » t one finds with the help of (II.51 ) and (11.52) 
C ( R ) ( t ) = Σ 
0 = 1 
d t . 
о 
et с' 
1 j dt 2 J dq (2ггГ3 exp { U J W ) ( t ^ ) } 
< v ( 1 - P S ) (-n Л 3 ) - 1 S i t . ) η < Τ (12) φΙ(ν) ^ s - > ( v ) > > 1x o o l o o q 2 - q 1 ¿ 1 
< < « d ( v - ) V ^ v ) Τ (12) > (1-P S ) (-η Λ 3 ) - 1 í ( t - 0 v , > . q 2 - q l o 2 o o 2 1 x 1 
( I I I . 9 ) 
The prime on the integral sign indicates that q < к , where к is 
a wave number of the order of the inverse mean free path. This cut 
g 
off wave number has to be introduced since the decomposition of Г-> 
q 
and Г-* into slowly and fastly decaying parts breaks down at values of 
11
 2 . . . 
q such that D q t ~ 1 as was explained in section a of chapter II. 
In expression (III.9) the functions φ+ do not appear since we have 
expressed the innerproducts directly in terms of averages using (11.35) 
and (II.^9). 
""(R) i 
To obtain the dominant long time behaviour of С (t) , the modes fi-
s . .
 q 
and if-*- in (III.9) may be taken in zeroth order in q as will be ex-
q 
plained below. The property (11.57) can be applied to eliminate the 
Л and Τ operators occurring in (III.9). By performing the time in­
tegrals we arrive at the relation 
dq { < v. >І( ) φ -+(v ) > } 1
 1x q 1 -q 1 1 
:
( R )(t) = Σ η" 1(2π)- 3 
j=i 0 
exp { (zJ+z )t } , (III.10) 
q q 
which is the "mode coupling formula" as it will appear in chapter V. 
It is obtained here on the basis of kinetic theory. 
The matrix elements occurring in (III.IO) can be calculated from (II. 
37, kO, 1*3, 1*6)· In lowest order in q we find for the amplitude of the 
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heat diffusion mode < ν, ¥>->-(v., ) ^ -»-(v, ) >, = ο , and so the heat mode 
1x 1 1 q 1 1 ^ ( R ) 
does not contribute to the leading long time hehaviour of С (t) , 
as we will explain now. 
One could take the self diffusion mode or the heat mode in (III.9) 
2 
in first order in q. , which yields an extra factor q. in the q integral 
of (III.10). As can he easily seen from (III.10) hy performing the q 
2 . -1 
integral an extra factor q gives an extra factor t compared to 
the case where the two mode amplitude is non-vanishing. 
This observation will frequently occur in our calculations and turns 
out to be very useful to estimate contributions due to higher order 
corrections on the hydrodynamic modes or the self diffusion mode. 
For the sound modes we have from (11ЛЗ) 
< v. Ч& .) vS-*(v) >, = + З/10'с q . (III. Ila) 
ι χ * 1 - q i 1 — o x 
~(R) The two sound modes contribute to С (t) a term 
2 
. c¡ R ) ,(t) = Η f al q2 cos(c qt) e ^ V ^ s o ^ ,(ІІІ.11Ъ) 
( +
 ·-
)
 5п
о
(27г) 3 i x 0 
_i 
which is for long times proportional to t exp(-t/t') , where 
-2 0 
t' = (iiD +2Г )c . Using the fact that, for low densities, Γ is 
о о so о
 a
 so 
of the same order of magnitude as D , we find from (III.6) and (III.7) 
that t' is of the order of the mean free time t_ . Therefore the sound 
0
 ~(R) 
mode contribution to С (t) is a 
which may be neglected for t >> t 
mode contribution to С (t) is a fastly decaying function of time, 
~(R) 
The dominant long time behaviour of С (t) arises from the contri­
bution of a shear and a diffusion mode to (III.10). The matrix ele­
ments can be calculated in lowest order in q from (11.37) and (II.U6), 
yielding 
Σ { < ν φ-** <fS+ > } 2 = (Um)"1 (1-q2) • (III. 12) 
j=1,2 ix q -q ι x 
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By performing the q. integration in (ill. 10) one finds the well-known 
long time tail in the velocity correlation function for t >> t 
о 
. c
( R )(t) =
 ш
 2 зТгЧтг- (m.13) 
12 π 3 / 2 ßmn (D +» ) 3 / 2 t3/2 
о о о 
The contributions of diagrams с and d of figure 1* to the veloci-
-3/2 ty correlation function are of the same order in time ( t ) as 
the ring contribution but the coefficients are of higher order in 
the density and should, therefore, consistently be neglected in this 
low density kinetic theory. Actually the contributions of с and d 
cancel each other, but there exists still other diagrams of the same 
order in time ( t ) an 
be consistently neglected. 
-3/2 d higher order in the density, which will 
The contribution to C(t) describing the next dominant time behaviour 
arises from diagram e in figure 1*, and reads 
c
(e)(t) 
1
 2 
dk (2π)"3 η < ν, «(tj (-η Λ 3) Ί 
О lx 1 ο 
Γ ί 
dti 
•Ό ' 
< Т
о
(12) Ι *1+<$,) >, e ' V ^ V V < î^v,) I T^.t^t.,) To(12) 
^ 
8(t-t2) (-η/3)"1 ν 1 χ >1 . (III. 11*) 
The propagator T*(2,t) , representing the side branch in figure he, is 
given in Laplace language as 
f T-. (2) = Σ I 4H%) >p (z-w к 2) - 1 < Ù-G-) I 
Σ 
λ,Ρ 
dq (2π)-3 ( z - z ^ ) - 1 n
o
 < T
o
(23) ^ ( ^ fyvj >2 >3 
" ^ 2,-1 -In,-
« **(v2) ^ (v 3) To(23) (1+P23) >з
 Σ
 I ^ ( v 2 ) >2 (z+^k
2)"  < 5^(ν2) I , 
(III.15) 
6T 
t -*- -* . . . 
= к - q , the indices ι and j run over the shear modes and 
λ and μ run over all five hydrodynamic modes of (Il.jlt). By using 
the properties (II. 58), for the full Boltzmann operator, eq. (III.15) 
can be written as 
T-*· ( 2 ) = Σ | ^ ( v j > (z+v k 2 ) Ί Jn Σ 
kz , . k 2 2 о о . . 
i . J λ , f 
V. 
->• , ч-З dq (2ir) 
/ л μ > - ι ι . λ μ λ μ . 1 / , 2 . - 1 ~ η/"·" \ ( ζ - ζ -ζ
η
) < φ? Αφ-* φ± > < φ+ φ-* Λ φ^ > ( ζ+ν к ) < φ-*0 ( ν , ) q Z . к q ¿ 2 q Z . k 2 о к 2 
(III.16) 
as has been shown by Ernst and Dorfman (Ernst 1972a). 
The averages in (ІІІ.іб) can be evaluated by means of (II. 1*6), yielding 
< Д ,Λ л φ*? > = ik n"1 Αλμ(4,ΐ) , (III. 17) 
q L s. ¿ o T¡ . 
J 
where A (3,2) is a two mode amplitude 
Α
λμ(5,Ζ) = (ßm)^ < Д A î.v0 ij^.v. >0 . (III.18) 
J 
Eq. (Ііі.іб) reduces now to 
Tkz ( 2 ) = " k 2 Σ ' ^ к 1 ^ 5 :>2 ^ -"Ό^Γ 2 < ^ І ( ^ 2 ) ' i 
[ ín Σ 
0
λ ^ 
'dq (2π)-3 |Α^(|,Ϊ)|2 ( ζ - ζ ^ Γ 1 ] • (ΙΙΙ.19) 
J 
The dominant contributions to Trj-(2,t) come from ζ values, which are 
2 
proportional to к .In the factor [ ...] on the second line of (III.19) 
2 
we may therefore replace ζ by a quantity of order к . The resulting 
expression has been calculated by Ernst and Dorfman, who have shown 
2 
that for ζ = 0(k ) only two opposite sound modes contribute in the 
sum over λ , μ . 
The result is 
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1 
[ ...] = a - Δ (1) к5 , (III.20) 
where a is some constant, and 
c
1/2 
Δ (1) = γπ ОТО' (III.21) 
4
 77 тг 2 1 / 2 /3mn Γ 3/ 2 
о so 
The constant a appearing on the right hand side of (ill.20) is a 
higher density correction to the ring diagram in figure Uh, which 
replace ν in (III.13) hy ν +a , and it should be neglected since 
we restrict ourselves consistently to the lowest order in the density. 
Inversion of the Laplace transform in (III.19) yields 
, 2 
,-, -с к t n. .J?. 
T£(2,t) = Δ (1) k , / ¿ t e 0 Σ I v j 1 > 2 < ^  I . (III.22) 
i 
Insertingthis result in (III. lit) and carrying out the remaining inte­
grations yields finally for t >> t 
о 
, ν Δ (1) Γ(11Α) 
• c
le,(t) = — ι 2 : ηΤΤΓ-τΤΤΓ' (m.23) 
6 π ßmn (D « ) 1 1 / U t 7 A 
о о о 
where Г(х) is the gammafunction. 
The next order contributions to C(t) arise from diagrams in which e.g. 
the slow Boltzmann propagator of the third particle in figure ¡te is 
replaced by the ring propagator. One finds in this way contributions 
to C(t) , which are proportional to t-2+^ with η = It,5,...,«> . 
This result was first obtained by Pomeau (Pomeau 1973), from hydro-
dynamic considerations. 
The final result for C(t) follows from (III.it,13,23) 
C ( t ) - D 6 ( t ) + =75 3 = 7 ^ - ^ + 
1 2 * 3 / 2 0 m n (D * ) 3 / 2 t 3 / 2 
о о о 
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Δ (1) Γ(11/1ι) 
ΠΤί "Τ71Γ + ^137S) • (d=3) ("i-SU) 
б π
2
 0mn (D +v )' І / ч t " 4 t 
О 0 0 
This expression describes the behaviour of C(t) for values of t much 
larger than t 
о 
The time dependent diffusion coefficient D (t) , defined in (1.32), 
can he calculated from relation (I· 1*5) an<i the results obtained so far 
for the velocity correlation function. 
The limiting value lim^  D (t) for low densities may be obtained 
^ ~(B) 
according to eq. (III.2l*a) from the time integral over С (t) and 
all other contributions may be neglected since they are of higher or­
der in the density. 
The deviation from that limiting value for long times arises from 
the contribution С (t) (in eq. (ill.13)) and <r e4t) (in eq. (III.23)). 
We find for D t o4t) for t » t 
о 
D ^ ^ t ) = D -
o ¿ 3/2 . ч3/2 1/2 6 π pmn (D +v ) t 
о о о 
2 Δ (1) Γ(11/1*) 
9 i r 2 Опт (D * ) 1 1 / U t 3 A t T / 8 
О 0 0 
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Ь. The time dependent super Burnett aoeffiaient 
In this section we calculate the time dependent super Burnett coeffi­
cient from kinetic theory for a three dimensional hard sphere system, 
We start from the relations (1.1*6-50) 
D(2)(t) = E(t) - E^t) - E2(t) - E (t) (III.25a) 
and the diagram expansion for E(t) given in section d of chapter II. 
The functions E.(t) (i=1,2,3) can he calculated from the result for 
ι 
the velocity correlation function (lII.2Ua). We derive straightforward­
ly for t » t and d=3 
о 
2D 
. E(t)=D;;t
 ш
 2
 ш
ь"
2 
1 0
 3 nV2 ßmn (D
 +, ) 3 / 2 
о о о 
ΐ6Δ
η
(ΐ)ϋ
Λ
 Γ(11Α) ,, .„ 
-—ΊΓ
1 2
 ηΤΙΓ*
7
 ^ 0 ( t 1 / 8 ) (ІІІ.25Ъ) 
9 π ßmn (D -h- ) ' 
о о о 
E2(t) = 0(log t) (III.25c) 
. E (t)
 ш
 2
 ш
 t 1 / 2 
3
 б π
3 / 2
 ßmn (D 4* ) 3 / 2 
о о о 
2Δ (1)В
л
 Г(11А) ... .„ 
- — ^ ^
 : т
 t l A
 +
 0(t1/8) . (I11.25d) 
3 π ßmn (D +c ) 
о о о 
The diagrams contrihuting to E(t) as defined in section d of chapter 
II are divided into five classes (Ι,ΙΙ,ΙΙΙ,ΙΥ,Υ), drawn schematicMy 
in figure 5· 
The double straight line is the full propagator Γ (l,t) defined in (II.1) 
о 
and represents the expansion given in figure 1. The bubbles stand 
for the sum of all diagrams with one jr two crosses in their interior 
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ш 
figure S Classes of diagrams contri­
buting to the super Burnett 
coefficient. 
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and will be considered below. 
Let us first derive a useful property of the full propagator Γ from 
the kinetic theory of chapter II and the results of the previous section. 
From the fact that the operator Τ (ij) acting on the unit function 
о 
gives zero, as can be seen from (11.10, 21), we find from (II.30a, 31a, 
32a, 51, 37) for the q=o limit of the Boltzmann propagator r-»-(l,t) 
q 
PS(1) rS(l,t) = PS(1) ; rS(l,t) PS(1) = PS(1) (III.26) 
0 0 0 0 0 0 
and for the q=o limit of the ring propagator R->(l,t) and all further 
-s
 (1 
operators occurring in the expansion of Г (l,t) , according to figure 1 
о 
PS(1) RS(1) = о ; RS(1) PS(1) = о (III.27) 
0 0 о о 
Clearly the unit function, on which Ρ (1) actually projects, is an 
о 
exact eigenfunction of the full propagator Г (l,t) with eigenvalue 1 
This can be seen more directly from the defining equation (II.1). 
Therefore we have 
PS(1) P(l,t) = PS(1) ; P d . t ) PS(1) = PS(1) . (III.28) 
о о о о о о 
Therefore, the full propagator Г (l,t) can be separated into a constant 
part and a remainder, referred to as orthogonal part 
P(i,t) = pb(i) + (1-PS(1)) P d . t ) . (III.29) 
о о о о 
The constant part is the most important one since it does not decay 
at all in time. 
An estimate for the time decay of the orthogonal part can be obtained 
73 
from the results of the previous section. 
The orthogonal part of the Boltzmann propagator (1-P ) Г (1, ) decays 
o o 
exponentially in time as discussed in (III.3-7). 
The orthogonal part of the ring propagator can be estimated from (III.8) 
and (III.13) to he of order 
RB(1,t) - f(t) (1-PS) U(1) (1-P3) . (III.30) 
о о о 
Here f(t) is some hounded function of time with a leading asymptotic 
-3/2 behaviour for large t proportional to t and U(l) is some regular 
time independent operator in one particle space. 
All other operators occurring in the exuansion of Г ( 1 ,t ) as given in fi-
. " -3/2 0 gure 1, decay also at least proportional to t as follows from our 
considerations of the diagram expansion in the previous section. 
Therefore the orthogonal part of F^ljt) may be estimated as 
(i-ps) rs(i,t) ~ f(t) (1-РЬ) U(1) (1-PS) , (III.31) 
о о о о 
where f(t) and U(l) have the same meaning as in (III.30). 
We now consider the diagrams contributing to E(t) and divide them into 
five classes (1,11,III,IV,V) drawn in figure 5, namely 
E(t) = E(l)(t) + ... + E[v)(t) (III.32) 
and we will study the classes successively. 
All diagrams of class V together give a contribution to E(t) equal to 
V)(t) = 
71* 
i: -. ι: 
г 1 г 2 
' i x ^ ' V 1 х ^ ( і ' 1 х ^ ( і ' V1x >! · ( Ι Ι Ι · 3 3 ) 
d t 1 L d t 2 J. d t 3 
о t 1 
Due to the property (III.2) the propagators f^l.t,) and Γ (1,t,-t„) 
o l о 3 2 
in this expression may be replaced Ъу their orthogonal parts. 
If we insert for Г (1,t -t ) the decomposition (III.29) we find 
о 2 1 
•
 E ( V ) ( t ) = E ( V . A ) ( t ) + E ( V . B ) ( t ) ' U l I - 3 k ) 
where E,,, .vit) arises from the constant part of Г (l,t_-t,) and \ ν ,Α; о 2 ι 
E, -^(t) from the orthogonal part. 
It is easy to see from the relations (1.1*7,W, (II.6) and (III.33) that 
E ( V . A ) ( t ) = E 1 ( t ) ' (HI.35) 
which is an exact relation valid for all times. 
The hehaviour of E,(t) for t >> t is given in (III.25b). 1 о 
The function E, .\(t) is Ъу itself the most important contribution 
(2) to E(t) , but in the calculation of D (t) , it cancels the subtracted 
term E (t) , according to (ITI.25a). 
The behaviour of E.,
r
 „Jt) for t » t can be obtained from (III.31) 
\ ν , ΰ } о 
E ( v . B ) ( t ) ~ 
•t 
d ti 
о 
t 
t .
d t
= 
•t 
dt 3 fit,) fitg-t,) f(t 3-t 2) 
1 2 
which is finite as t approaches infinity, as can be seen easily by 
taking the Laplace transform of this expression. So we have for t >> t 
E ( V B )(t) = 0(1) . (III.36) 
We conclude therefore that only those diagrams of class V , which 
are contained in subclass VA give a divergent contribution tot E(t) 
equal to (III.35). 
The dominant short time behaviour of E(t) , for low densities, is also 
given by diagram V (figure 5) , if one replaces Г by Г similar to 
о о 
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(III.3-7), yielding for t ~ t 
E(t) « 
¡t ft 
o 't 
dt2 
1 t2 
лЗ 
< V1x Г о ( і ' V1x V ^ V t , ) ν 1 χ ro(1,t3-t2) ν 1 χ >1 ,(lll.37a) 
which can be calculated explicitly in successive Enskog approximations 
and compared with computer simulation experiments. 
Using standard kinetic theory we find in first Enskog approximation 
after lengthy but straightforward calculations, for the short time 
(2) behaviour of D (t) 
. D(2)(t) . [ D ^ l
 { ! n^Hf^-U) e x p ( _ x t ) + 
o l ,ί о 
α 
(d-l)(d+2)3 , 2(d+l) . . ν _,_ d+1 , .. . . ^  
2α 
-
 2 ( d
 "
1 )
 λ t exp(-X t) - ¿il (λ t ) 2
 ΘΧ
ρ(-λ t) } , (ІІІ.ЗТЪ) j¿ о о ¿ α ο о 
α 
(2) 
where d is the dimensionality of the system (here d=3) , D is the 
Boltzmann value of the super Burnett coefficient, which in first Enskog 
approximation is given by 
t D i 2 ) ] i =^7? ^ ) " 2 λ η 3 ' (111.37c) 
ο ι α+1 о 
and λ i s for d=3 given by 
λ = -S_ 
о 3t . (ш.зта) 
о 
The mean free time t is given in (III.6). 
о 
The expression (III.37b) is mainly given to illustrate qualitatively 
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шв 
figure 6 Decomposition of class IV into sub­
classes. 
7T 
(2) 
the short time behaviour of D (t) , which grovs very slowly, behaving 
k 
initially as ~ t , and after t = 8t (t = 10t ) it has reached only 
о о 
85? {95%) of its asymptotic value. 
The first Enskog approximation (111.37c) does not describe quantitative-
(2) ly the short time behaviour of D (t) , since the Enskog approximation 
scheme converges slowly for the super Burnett coefficient (Wood, private 
communication). 
Let us now pass on to class IV in figure 5. 
The sum of all diagrams of class IV is equal to 
Ít rt ft /t 0 " i l t i " г Jt " S J t <Lth 3 
< V1x Р о ( V1x ^ 2 ^ ^З'^ K^kSi V1x *! ' ( l I I - 3 8 a ) 
— . •+• 
where the operator В , acting on functions of ν only, represents the 
bubble containing one cross, in figure 5 IV. 
The series expansion of this bubble operator 
B(t) = B ( A )(t) + B ( Bj(t) + ... (III.38b) 
gives a decomposition of class IV into subclasses IVA, IVB, ... 
as is drawn in figure 6. 
Note that all external propagators and В in the expressions (III.38) 
may be replaced by their orthogonal parts because of the property (III.2) 
and the fact that В always starts and ends with the operator Τ (12) . 
The sum of all diagrams of subclass IV A is equal to E. ді^) given 
by the same expression as (111.38a) if B(t_-t ) is replaced by 
WW - dq {2я ) η 3 dt! 
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< Т
о
(12) r 4( 2,t 3-t 2) rj(1,t'-t2) v ^ R d . t ^ ) To(l2) >2 . 
(III.39) 
If we insert in this expression the Boltzmann propagators Γ •+• and 
Γ* instead of the full propagators we obtain the kinetic operator 
4 
B. >(t -t ) drawn in figure 7. 
To obtain the long time behaviour of this operator we insert for the 
Boltzmann propagator of the fluid particle its slowly decaying part 
(II.5h). Of this slow part only the shear modes will contribute due to 
arguments similar to those below (III.IO). 
The self propagators occurring in B, . can be decomposed into a slowly 
and fastly decaying part, following figure 3, as is indicated in fi­
gure 7, so that В. χ falls apart into 1( terms 
•
 B ( A ) ( t ) = V s s ) ( t ) + Vfs) ( t ) + B(A.sf) { t ) + V f f ) ( t ) · 
which are estimated now. 
If for both self propagators the slow decay is taken, (diagram (ss) of 
figure 7) we find 
В
СА...>( • L3 dt¿ 
t2 
ù dq (2ir)~3 Σ exp{-(u +D )q2(t0-t0)} 0 = 1,2 0 0 3 2 
η < Τ (12) *>|·(ν. ) V-+-J(v-) >. > 0 < ¥>S-(v ) ν +( ) > 
о о q . 1 q 2 1 2 q l l x q l l 
< < ^ ( ^ ¥>_І(
 2 ) т о ( і2) >2 , ( i n . ho) 
where from (11.37 ) and (11.39) it follows that 
<^(v 1)v 1 ^ ( v j >. = -2iq D + 0(q2) . (111.1*1 ) 
q l lx q 1 1 χ о 
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figure 7 : Decomposition of the operator 
Β/.\(ΐ) occurring in diagrams of 
subclass IVA. 
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So, at least one extra factor of order q enters the q integration, 
which will give an extra factor (t -t ) if the q integral is performed. 
The other matrix elements of (HI.Uo) are at most equal to a constant if 
q approaches zero, and so we estimate the operator B. ^ by performing 
\A,SS) 
the integrals over t' and q with the result 
• Ves^VV ~g(VV ^V u , ( 1 ) ( ^ - ( Ι Ι Ι Λ 2 ) 
where g(t) is a bounded function of time with a leading asymptotic be­
haviour for large t at most proportional to t , and U'(l) is some re­
gular time independent operator in one particle space. 
Similar arguments can Ъе applied to the operator B, \(t - ) , re­
presented by diagram (fs) in figure 7· In that case no extra factor 
q enters the q integration hut there is a δ(t'- ) involved in the 
t' integral and therefore we may estimate 
•
 B(A.fS)(t3-V~f(vV п-^«"^) м-?;). 
where f(t) and U'^l) are taken in the sense of (III.30). 
It is clear that the same estimate holds for the operator B. r)^^~^O^ 
occurring in figure 7· 
The last operator of this set of four satisfies 
•
 B(A.ff) (V t 2
)
~
5 (V t2 ) M-P:>U..(,) (1-P^ ) . 
Therefore we conclude that the leading behaviour for long times of the 
operator Β/«·/*) drawn in figure 7 and defined below (III.39) arises 
from the contribution B, „ >(t) (III.UO) estimated in (111.1*2) 
(A,ss) 
B(A)(t) ~g(t) (1-pS) U'(1) (1-Pj) , (111.1*3) 
where g(t) and U'(l) are taken in the sense of (ill. 1*2). 
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We can dress the Boltzmann propagators in figure 7 with ring propaga­
tors, repeated ring propagators and so on, according to figure 1, to 
otitain an estimate of the full B, . operator in (Ш.З ъ) and we find 
that B,.> still describes the leading time behaviour of B,.. . (A) 0 _ (A) 
Applying the same procedure to the operators B, ., , ... occurring in 
figure 6 and the expression (ІІІ.З Ъ), one finds an estimate for the 
complete bubble operator with one cross 
B(t) ~ g(t) (1-P^) U'CD (1-P*) , (ΙΙΙΛΙ») 
where g(t) and U'tO are taken in the sense of (111.1*2). The leading 
time behaviour of the bubble operator arises from the operator В, ч 
given in (ІІІДО). 
From the result (ΙΙΙΛ1*) we can estimate the sum of all diagrams of class 
IV. 
Using (111.38a) and (III.31) we obtain 
Λ ft 
j dt1 ... J dt u m , ) f ( t 2 - t 1 ) g(t3-t2) f(tu-t3) . E ( I v ) ( t ) ~ dt, 
From the Laplace transform of this expression one derives immediately 
that the dominant behaviour is at most for t » t 
E ( I v )(t) = O(log t) , (III.U5) 
which is our final result for class IV. 
It is clear from figure 5 that the same estimate holds for the sum 
of all diagrams of class III and t >> t 
E(IIl) ( t ) = 0 ( l o g t ) ' (111.1*6) 
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The sum of all diagrams of class II give a contribution to E(t) equal to 
E ( l l )(t) = at .. at,. 
* 1хрто( ^2'^ К^З-^ В<4-*3) ^  1х >1 · 
All operators occurring in this expression may Ъе replacea by their 
orthogonal parts and the estimates (III.31) and (III.UO may be applied 
E(ll) { t ) ~ at. at 5 f d ^ ) gttg-t,) f(t 3-t 2) g(t u-t 3) fit^t^) 
and we obtain the final result for class II if t >> t 
. Efn)^) = O((log t)2) (III Л7) 
The set of diagrams belonging to class I may be decomposed into sub­
classes IA, IB, according to figure . 
Let us first consider diagram IA. 1 of class IA given in figure 9, 
where all full propagators are replaced by their Boltzmann equivalents. 
Diagram IA.1 gives a contribution to E(t) equal to 
E ( I A . l ) ( t ) dt « 5 | а г ( 2 . ) -
3
п
о
<
 1 х г ; ( і ) 
< Τ (12) г - ^ . t . - t j r£( t - t ) v, rS( t_- t 0 ) v. 
о - q ' i » 1 q 2 1 1 x q 3 2 1з 
r S í t . - t . ) Τ (12) >0 r S ( t - t . ) v. >. q l t 3 o 2 0 5 4 1 x 1 (III.U8) 
The Boltzmann self propagators are again decomposed into a slow and 
a fast part and we obtain 8 contributions to E. ii^) as indicated 
in figure 9· Note that the first and the last propagator in each 
diagram is always fastly decaying. 
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figure 8 : Decomposition of class I into sub-
classes. 
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figure 9 : Decomposition of the diagram IA.1 be­
longing to subclass IA. 
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rince we are interested in long times, the slow part of the propagator 
of the fluid particle is taken, according to (II.5*0 and only the shear 
modes have to Ъе taken into account. 
Let us calculate the first of those θ contributions 
( l A . l s s s ) d t . . . d t ,
 J
- ' " - ^
 2 
о ' t . 
dq (air)" · 3 Σ 
J-1.2 
exp{-( f +D ) q 2 ( t l i - t 1 ) } η < ν , « ( t j (-η Λ 9 ) - 1 0 0 Ч 1 О IX 1 о 
< Τ (12) > Í ( v J vS-ív) > > ( < φΐ ν. v>S· > ) 2 
o - q 2 q 1 2 1 q l x q l 
< < φ І (
 0 ) ^ ( v j Τ (12) > (-η Λ 3 ) " 1 6 ( t _ - t . ) ν , >. . ( Ι Ι Ι . 1 » 9 ) 
—q ¿ q i o ¿ o 5 ^ i X ' 
All matrix elements are known in their lowest non-vanishing order in 
q from (ІіЛб) (III.12) and (111.1*1), and after performing all inte­
grals we find for large times the result 
- D 2 . . . 
•
 Ε
ί Τ Δ ι= = = 4 ( ΐ ) = T73 2 r 7 5 t / 2 + 0 ( l ) . ( I I I . 5 0 ) 
( l A . l s s s )
 1 0 π 3 / 2 ( ρ + D J5/2 
о о о 
s s 2 
In order to obtain this expression we needed ( < ¥>->- v., ¥>-»• > ) as 
q lx q 
calculated in (Ill.bl). Note that this square has a negative sign. 
Equation (III.50) is the only contribution to the dominant long time 
behaviour of the super Burnett coefficient involving the first cor­
rection term to the diffusive mode (11.37). The matrix elements in 
(111.1*9) need not be taken to higher order in q , since extra factors 
-1/2 
q in the q integral give rise to extra factors t in the result. 
Next we estimate the contribution (fss) to the diagram IA.1 occurring 
in figure 9. In that case three δ functions of time are present and 
an extra factor q enters the q integral, coming from the matrix 
86 
s s 
element < ψ-* ν. φ·* >, and therefore q lx q 1 
Е.
тд
 .. At) ~ (lA.lfss) 
•t ft 
dt1 ... dt «(t^ в( 2 - ^ ) hft^-t ) 5(t -t^) , 
where h(t) is some hounded function of time with a leading asymptotic 
_2 hehaviour smaller than t for large t . 
A straightforward estimate would lead to an asymptotic behaviour pro-
-2 . . . 
portional to t , but the coefficient of this term vanishes on per­
forming the angular q integration. 
Consequently 
'
 E(IA.1fss) ( t ) = 0 ( l ) · ( Π Ι · 5 1 ) 
The same arguments may be applied to the contribution (ssf) yielding 
the same result. The contributions (ffs) (fsf) (sff) and (fff) drawn 
in figure 9 involve at least four δ functions of time in the five­
fold time integration given in (III.1+8) and are hence easily estimated 
to be finite for large t . 
So we are left with the contribution (sfs) , which reads 
E ( i A . i s f s ) ( t ) = | d t i · · · f d t 5 . * Г < £ < а г Г 3 п 
О t i J - I ,¿ 
з _-i 
о 
It 
е х р Ы * +D ) q 2 ( t , - t 1 ) } « ( t j « ( t , - t J 5 ( - . ) o o 4 i 1 3 ¿ 5 * + 
о о 
( < ν , <Д( ) φ І ( ) > ) < і Д ν (1-Р5) (_η Λ 3 ) " ν , V3 >, . I x q l - q 1 1 q l x q o I x q l 
The last matrix element equals D in the limit q-ю , as follows from 
(11.39), the other one is given in (III.12) and so we find 
•
 E ( i A . i s f s ) ( t ) - . ,3/2 °
 f D ГЪ75
 t 1 / 2 + σ ( 1 )
 ·
 ( Ι Ι Ι
·
5 2 ) 
6 it pmn \u rv ) 
о j о 
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figure TO Decomposition of the diagram IA.2 telong-
ing to subclass IA. 
(2) 
This contritmtion to D (t) in (III.25a) cancels exactly the leading 
divergence in E (t) , as can be seen from the expression (lll.25d) for 
E ( ) . 
So far we have studied completely the first diagram of class IA, drawn 
in figure 9 and we found two leading contributions to E(t) , which di-
+
 1/2 
verge as t 
• s 
Further diagrams of class IA can be obtained by replacing the Γ ope­
rators in (III.U8) by ring propagators, R , according to figure 1. 
This will give no contributions to E(t) of orders, larger than log t . 
More important contributions are obtained from diagram 1A.2 drawn in 
figure 10. 
The calculation of E, . At) , where in the side branch one shear 
mode, two opposite sound modes and one shear mode have to be taken 
from top to bottom, is rather lengthy but very similar to the calcu-
(e) lation of С (t) given in section a . To be more precise, the operator 
T-»-(2,t) defined in (III. 15) and given in (III.22) enters also in this 
к 
calculation, as can be seen by comparing the diagrams e in figure k 
and (sss) in figure 10 . 
Here we give only the result 
, D;;A (і)г(і5Л) .,, 
• Ef p x d i ) = --rg- 3 0 η· ічТП +0(1) . (III.53) 
(IA.2SSS) 15
 π
2
 ( D w jlSA 
о о о 
The calculation of E, ^(t) yields a term proportional to t 
\ IA. ¿Si S} 1 /li 
cancelling in (III.25a) the contribution to E (t) of order t , 
(e) 
which originates from С (t) (see III.25d). 
All this is very similar to the treatment of diagram IA. 1 in (lII.i*8-52). 
Next contributions to diagram IA.2 are at most proportional to log t . 
One may continue, finding diagrams belonging to subclass IA, which 
give terms of order t , t , ... in the super Burnett coeffi­
cient. 
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Finally we consider the subclass Ι В drawn in figure Θ. By the same 
straightforward estimation techniques and by first replacing all full 
propagators by their Boltzmann equivalents, one finds for the sum of 
all diagrams belonging to subclass IB at most a divergence like 
E ( I B )(t) = O((log t)
2) . (III. 51+) 
Similar estimates can be made for other subclasses of class I. 
(2) 
Summarizing we find that the super Burnett coefficient, D (t) , di­
verges as 
2 
„(2)^4 _ ^o ^ t 1 / 2
 + 
10 * 3 / 2 fimn (V +D У/2 
О 0 0 
, D2 ΔΜ)Γ(15Λ) .,,
 1/fl 
- Τ ς - ρ iTTÏÏ ь + 0 ( t > · (III.55) 
1 5
 π
2
 ,3mn (D 4» ) 1 5 / U 
О О о 
as t approaches infinity. 
(2) The contributions to D (t) arise from: 
- diagrams belonging to subclass VA, (see ΙΙΙ.3Ό, yielding together 
a contribution E. ді^^ · (see ΙΙΙ·35)> which cancels completely 
E^t) , (see III.25a,b); 
- diagram IA. Isfs , (see III.52), which cancels the term proportional 
to t 1' 2 in E,(t) , (see III.25d); 
- diagram IA.2sfs , which cancels the term proportional to t in 
E3(t) ; 
- diagram IA.Isss , (see III.50), which survives and gives the term 
proportional to t in D (t) ; 
- diagram IA.2sss , (see III. 53), which survives ani? ^ives the term 
proportional to t in D (t) . 
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a. Discussion 
Here we review briefly the results of this chapter, and consider the 
velocity correlation function first, 
The expansion (III.lb) for C(t) (or equivalently the diagram expan­
sion in figure Ό has the following properties: 
- each term in (III.lb) (or each diagram in figure \ ) has a unique 
density dependence if time is measured in units t , where t is 
on the order of the mean free time and inversely proportional to 
the density, 
- only even powers in the density occur. 
We note that these properties are valid only in the framework of the 
kinetic theory employed here, that is to say with the approximations 
(11.19) and (11.20), and with the q integrals restricted to q < к . 
о 
This can be derived as follows. 
If all times occurring in the weight of a diagram of figure k are 
measured in units t , then each time integral is replaced by 
2
 dt' ... = n"1 ( п
л
О '
 0
 d(t'/t ) 
t„/t 
and is therefore inversely proportional to the density. 
We considered in this chapter wave numbers q such that о < q < к where 
к was a cut-off wave number on the order of the inverse mean free path 
к ~ I ~ η a 
о о о 
All wave vectors occurring in the weight of a diagram in figure h are 
- > • - > - - > , 
scaled such that q = yn . Then each q integral is replaced by 
' ' =
 n
o J ^  dq 
""'о 
Ч^о У «У,, 91 
ала is therefore proportional to η (here (1=3), since у = к /η is 
о о о о 
density independent. 
The operators Τ (ij) , Λ (1) , Λ(ί) , acting on functions of the ve­
locities, are independent of the density as is clear from (11.21) and 
(11.32). 
The Boltznann propagators Γ-^Ι,ΐ) and Γ-^ϊ,ΐ) are independent of the 
density if considered as functions of t/t and у = q/n as follows 
о о 
from (11.30) and (11.31). 
The diffusion mode -^»-(v ) (II.ЗТ) and the hydrodynamic modes φί(ν.) 
q 1 q ι 
(11.1*0,1*3,^6) are independent of the density if considered as functions 
of у and ν (v. respectively). This follows from the way they were con­
structed in section lie, as normalized eigenfunctions of L->.( 1 ) (11.31a) 
q 
and L+ti) (ІІ.ЗІЪ). The same property is valid for the projection ope­
rators РІ(1) and РІ(і) as defined by (11.51) and (11.52). As a conse­
quence the quantities ζ t and ζ t considered as functions of у and t/t 
q q о 
are independent of the density. Finally we note that the one particle 
average (11.2,3) is independent of the density too. 
After this discussion of all quantities and operations which occur in the 
analytic expressions represented by the diagrams of figure 1», it is 
clear that the density dependence of a diagram is unique and can be ob­
tained by counting the number of q integrals, t integrals and the num­
ber of particles involved (compare diagram rule 9 in section lib). 
This can be done simply as follows. 
In each diagram we call the number of vertices of type 1, 2 or 3 (see 
figure 2) Ν , N and N respectively. It follows from diagram rule 2 
that N = N . The number of q integrals involved in the corresponding 
analytic expression of each diagram is Ν + Ν , as can be seen from 
diagram rule 6. Except for particle 1 , the number of particles occur­
ring in a diagram is equal to Ν , as follows from diagram rule 9. 
The number of ordered time integrals is equal to the total number of 
vertices, N.. + N + N (diagram rule 3). Therefore the density depen-
92 
dence of a diagram with N , N„ or N vertices of type 1 , 2 or 3 res­
pectively, is equal to 
d-1 N1 + Н2 
. [ η 1 ] 1 2 . (III.56) 
which proves the second statement, made at the beginning of this sec­
tion for d=3 . 
In section a we investigated diagrams in the expansion of figure h for 
C(t) and ordered them first with respect to their dominant long time 
behaviour. In this way we found a set of contributions, which were 
short ranged in time (e.g. (III.lt) and (III, lib)). Of all these terms 
~(B) 
the Boltzmann contributions С (t) (III.1|,5) is the dominant one in 
the density. According to figure h and relation (III.56) it is propor­
tional to η , and there are no other contributions of this order. 
о 
We found a set of diagrams (e.g. Ub,ltc,ltd) with an asymptotic time 
3/2 behaviour proportional to (t /t) . Of these terms the ring contri-
~(R) 0 . . 
bution С (t) (III.13) is the dominant one since it is proportional 
о 
to η , according to (III.56). 
In fact the diagram expansion of figure h considered in section a 
yields an expression for C(t) of the structure 
. C(t) = í ( t / t ) [ 0(nO) + 0(n 2 ) + . . . ] 
0 0 0 
+ ( t / t ) 3 / 2 [ 0(n 2 ) + 0(nh) + . . . ] 
о о о 
+ ( t / t ) 7 A [ 0(nk) + 0 ( n 6 ) + . . . ] 
О 0 0 
+ ( t / t ) 1 5 / 8 [ 0 ( n 6 ) + 0 ( n 8 ) + . . . ] 
о о о 
+ ... 
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+ (t /t) 2 t 0(n2) + 0(nh) + 
O 0 0 
(III.57) 
and we have calculated explicitly the coefficients of the first three 
terms in this expansion to lowest non-vanishing order in the density, 
compare (lll.2l+a). 
According to (III.56) the term of order η in this expansion arises 
2 0. from diagram ka., all terms of order η arise from the ring diagram 
bb, and so on. 
I t may be possible that there are contributions to C(t) , which are 
of type (t / t) log(t/t ) in time. If th i s is indeed the case they are 
0
 6 . 0 
at least of order η in the density. 
As discussed in section I I a , the coefficients of the terms δ ( t / t ) , 
(t / t ) J / ¿ , (t / t ) l / 4 , . . . , ( t / t Γ in (III.57) are predicted 
correctly from the approximate kinetic theory, to lowest non-vanishing 
order in the density. 
On the basis of our approximate kinetic theory one could calculate 
higher density corrections to these results or calculate the coeffi-
cients of terms like (t It) (e>o) , however such predictions can 
о 
not be trusted a priori, as will be discussed below. 
At this point we make some further remarks about the approximations 
(II.I9) and (11.20). 
It is very well possible to drop these approximations and to study a 
kinetic theory, which contains the full binary collision operator T(ij) 
defined in (II.8) and all statistical correlations as appear in (II.16)· 
The first effect will be that in the diagrams to be considered a wave 
number dependent collision operator T+(ij) appears, instead of Τ (ij) , 
к о 
which is the Fourier transform of T(ij) and given by 
d-1 
Tj(ij) = " da I v...5 I exp(-ik.aa) { b*(ij)-1 } . 
cjlj v. ..5<o (III.58) 
By expanding this operator in powers of k. we obtain 
. T+(ij) = T
o
(ij) + n
o
 O(k/n
o
) , (III.59) 
where k/n is a scaled wave number. The term η 0(k/n ) in this ex-
o о о 
pression gives corrections to the velocity correlation function, which 
are of order η f(t/t ) relative to the dominant contributions in 
0 0
 2 ?~m ?m 
(III.57), which are of type (t /t) " 0(n ) (m=1,2,3,...) . Here 
f(t/t ) is some bounded function with an asymptotic time behaviour 
0
 1/2 
at most proportional to (t /t) . This is due to the fact that an 
extra factor к in the integrals considered in section a gives rise 
-1/2 . 
to an extra factor t in the result. Therefore the approximate 
kinetic theory is a priori restricted to phenomena, which are larger 
—1/2 —3/2 
than 0(t ) relative to the dominant long time behaviour (here t ) 
From the more precise arguments presented above it is also clear that 
2 2 
terms in (III.57) of type (t /t) are to order η , completely deter­
mined by the ring event (calculated by means of the approximate kine­
tic theory), however its coefficient vanishes by symmetry, 
In addition we note that diagrams like UcjUd^e,... give apart from 
the term calculated in (ІІІ.1І+-23) contributions to C(t) of the form 
2 k (t /t) η . The coefficient seems to be non-vanishing, 
Secondly we mention that statistical correlations (which are left out 
in the approximate kinetic theory according to (11.19)) should yield 
higher order density corrections in the expression (III.57), which 
do not affect the coefficients to lowest non-vanishing order in the 
density and do not introduce terms with an asymptotic time behaviour 
not yet contained in that expansion. 
Finally we discuss the approximation, which is made by introducing 
cut-off wave numbers (k ) in all 4 integrals occurring in this chap­
ter. 
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In the complete and systematic theory, integrals over wave vectors (q) 
extend over all values of q , so that о < q < « . 
In the approximate kinetic theory one has to introduce a cut off wave 
number on the order of the inverse correlation length (σ~ ) , such 
that о < q. < σ . This is due to the fact that the approximations 
(11,19) and (II.20) are obviously wrong for distances smaller than 
the hard sphere diameter a (or for wave vectors larger than σ~ ), 
To derive the long time behaviour of the various contributions to C(t) 
in the expansion (III.lb), it was sufficient to consider wave numbers 
q in the region о < q < к only. Note that for low densities к < σ 
d-1 0 0 
since к ~ η о .То illustrate the error made by doing so we con-
sider that part of the ring contribution С (t) in (III.8), which 
arises from values of q , in the q integral of (II.31*), in the region 
к < q < o~ 
о 
We start from the expression 
c[jj(t) = n
o
 (2*r d ' dt dt dq 
о
 J t , , J -1 
< <
 1 х Г о ( і ' T o ( 1 2 ) r ^ ( 1 ' V t 1 ) ^ ^ V * ^ 
Τ (12) 1^(1 , t- t ) ν > > , ( Ш . б О ) 
o o ¿ ix 1 ¿ 
where the Boltzmann propagators Г -»• and Γ->· are defined in (11,30-32). 
The decompositions (11.50a.) and ( I I . 5 0 b ) i n t o slowly and f a s t l y p a r t s 
are meaningless for q > к .We t h e r e f o r e consider t h e Laplace t r a n s -
(R) 0 
form С, Л г ) of ( I I I . 6 0 ) and n o t i c e t h a t i t i s an a n a l y t i c function 
i n t h e h a l f plane R e z > - a t ~ n (a r e a l and p o s i t i v e ) . There-
~(R) 0 0 
fore C/ At) i s p r o p o r t i o n a l t o e x p ( - t / t ) and can be replaced by a 
proper ly normalized δ function in t i n e 
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. cj^jCt) = сЦ(о) í(t) = cjjj(o) t'1 e(t/to) . (ІІІ.бі) 
Defining the scaled wave number у as у = q/n , we find for the coef­
ficient in (III.61) 
. c(
(
«j(o) - - ( a , ) - * ^ - 2 J d? 
σ ~ <y<1/(n σ) 
< < ν, (Λ3)"1 Τ (12) 1 Τ (12) (Λ 3) - 1 ν. >, >. . 
1χ ο _________________
 0 1χ 1 ¿ 
iy.v12 + Λ3 + Λ(2) 
(III.62) 
The density dependence of this expression is obtained from the beha­
viour of the integrand for large values of у . Explicit calculations 
-2 -3 
indicate that the integrand is proportional to у + у + .,. . One 
would expect a dominant behaviour proportional to у however the 
coefficient vanishes due to the property 
... Τ (12) Î— Τ (12) ... = о . 
о .-»•-*• о 
ЧГ.
 1 2 
This follows from the geometrical consideration that two particles 
can never collide twice in the absence of an interaction with a third 
particle. From this argument follows that 
l / ( n σ) 
J R ) , , _ d-2 Г . d-1 . a ^ b ^ . 
. C ( > ) ( o ) ~ n o dy у { — + — + . . . } , 
d-1 y У 
a 
~(R) 
which y i e l d s t h e f i n a l e s t imate for C, At) 
. C ^ | ( t ) = 5 ( t / t ) [ 0(n ) + 0 ( n 2 log η ) + . . . ] (d=3) ( I I I . 6 3 ) \>l о о о о 
. c j ^ ( t ) = e ( t / t ) [ 0(n log η ) + , , . ] . (d=2) ( І І І . 6 Ц ) 
\>I о о о 
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The conclusion is that the ring event contains contributions to C(t) , 
which are short ranged in time and non-analytic in the density. 
We note here that the contributions (III.63,61») give terms in the 
Navier Stokes self diffusion coefficient D , as defined by (I.70), 
which are non-analytic in the density. These terms are extensively 
discussed in references (Kawasaki 1961+; Haines 1966; Weyland 196TJ 
Cohen I96T). 
Summarizing we notice that all three sources of higher density correc­
tions mentioned above introduce in (III.57) terms in the existing coef­
ficients, which are odd in η or even non-analytic. 
The result (III.57) for C(t) , obtained from the low density kinetic 
theory, yields for the time dependent diffusion coefficient D (t) 
according to (1.1+5) 
. D ( o )(t) = [ 0(n"1) + 0(n"3) + . . . ] + 
о о 
+ (t / t ) 1 / 2 [ ein-3) + cKn-5) + ... ] + 
О 0 0 
+ (t
o
/t) 3 A [ Gin'5) + OU" 7) + ...] + 
+ ... + t /t [ 0(n"3) + ... ] , (III.65) 
0 0 
where the coefficients of the first three terms to lowest non-vanishing 
order in the density are given by (lll.2lib), 
Finally in this section we consider the time dependent super Burnett 
coefficient D^ '(t) . 
(2) 
The diagrams contributing to D (t) (or rather E(t)) mentioned in fi­
gure 5,6,8,9,10 have a unique density dependence (if time is measured 
in units t ) given by 
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-3 d-1 N1 + W2 
. η
 І
 [ η α  ] 1 2 , (111,66) 
ο ο 
where Ν and Ν are the number of vertices of type 1 and 2 occurring 
in a diagram. The derivation of (ill.66) is similar to that of (III.56) 
for C(t) exii will be omitted. 
(2) 
We have found in section b a series expansion for D (t) of the struc­
ture 
. D(2)(t) = [ 0(n"3) + 0(n~1) +...]+ 
о о 
+ (t/t ) 1 / 2 [ 0(n"1) + 0(n ) + ... ] + 
о о о 
+ (t/t ) 1 / 1* [ 0(n ) + 0(n3) +...]+ ... , (III.6?) 
o o o 
where the coefficients of the first three terms were calculated ex­
plicitly to lowest non-vanishing order in the density, compare 
(111.37b) and (III.55). 
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CHAPTER IV 
Kinetic theory calculations in two dimensions 
a. The velooity corrélation funation 
In this chapter we apply the kinetic theory of hard spheres at low den-
sities, given in chapter II, to the calculation of the velocity corre-
lation function and the time dependent super Burnett coefficient in 
two dimensional systems. 
The actual calculations proceed along the same lines as in the three 
dimensional case hut the diagrams are ordered in a different way, 
In chapter III (d=3) we ordered the diagrams first with respect to 
their dominant long time behaviour. In this way we found for the dif-
fusion coefficient D (t) and the super Burnett coefficient D (t) 
series expansions of the type (III,65) and (III.67) where each term 
is less important in time than the previous one, as -»• « . The same 
procedure could be applied for the two dimensional case too, Then one 
would find a series of more and more complicated diagrams, which are 
of increasingly higher order in the density giving contributions to 
D (t) and D (t) , which are increasingly more divergent as t tends 
to infinity. 
Therefore it is more convenient to reverse the ordering procedure for 
diagrams in the two dimensional case, 
In this chapter we first collect diagrams, which are of the same order 
in the density, where time is measured in units t (t is proportional 
to η as discussed in chapter II), Then we study within such a set the 
behaviour of the diagrams for large values of t/t , In each order in 
the density each new type of asymptotic time behaviour (which was not 
present in the previous order), is predicted correctly by our low den­
sity kinetic theory, according to the discussions in section IIa, 
In two dimensions we will find that each new type of asymptotic time 
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figure 7 7 : Various contributions to the velocity correlation function 
for a two dimensional system. 
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behaviour is more divergent in time than the dominant behaviour in the 
previous order in the density; for d=3 each nev type of asymptotic 
time behaviour was less divergent than the dominant behaviour in the 
previous order in the density (compare (III.65) and (III.67)). 
This section is devoted to a calculation of D (t) and the velocity 
correlation function. 
We start with the velocity correlation function C(t) , given in (II.6), 
and use the diagrammatic representation given in figure 11 (cfr, (III.I) 
and figure 1») 
. c(t) = c ( B )(t) + c ( R )(t) + c { c )(t) + c ( d )(t) + ... , (IV.1) 
where all contributions have to be calculated for d=2 . 
Using the fact that 
•
 P
o
( l ) l
 ^ х
> = 0
 ' ^ і х
1 Р
о
( 1 ) = 0 ( I V
'
2 ) 
it is seen directly that all diagrams on the right hand side of figure 
11 start and end with the fastly decaying part of the Boltzmann self 
propagator as indicated. 
If time is measured in units t , where t ~ η , each diagram in 
о * о о '
 a 
figure 11 (or equivalently each term in (IV.I)) has a unique density 
dependence given by 
Ν
 +
 N 
. n
o
 ¿
 . (IV.3) 
Here N.. and N„ are the number of vertices oT type 1 and 2 respectively 
occurring in a diagram (see figure 2). The proof of this statement is 
given in (III.56). 
~(B) 
According to (IV.3) and figure 11, the Joltzmann contribution С (t) 
~(R) is of zeroth order in the density, t)-¿ ring contribution С (t) is 
103 
2 
proportional to η , the set of diagrams с - h is of order η , all fur­
ther diagrams in figure 11 are at least proportional to η 
The Boltzmann contribution is explicitly given Ъу (cfr. (III.3)) 
'
 H ( B ) ( t )
 =
 < V1x Г о { і ' ) V1x "l = < V1x е * Р Ч Л З ) V1x *! ' ( І Л ) 
In first Enskog approximation this expression yields (cfr. (ill,5-7)) 
. C ( B )(t) = (0тГ 1 exp(-t/t ) , (IV.5) 
where t is the low density value of the mean free time (Dorftaan 1972) 
о 
.
 t =і£вА)^!. ( I V . 6 ) 
о 4n a 
о 
ш 
Since the Boltzmann value of the self diffusion coefficient D = ƒ dt 
~(B) . . . o o 
С (t) , we can obtain i t s f i rs t Enskog approximation [D ] from 
(IV.5) by integrating over time 
. [D ] = (/3m)"1 t . (IV.7) 
o i о 
It is equal to D within a few percent. This can be seen by calculating 
the second Enskog approximation to D yielding 
. [ D
o
] 2 = [ D o l 1 ( 1 - ( I 6 d + 1 l ) " 1 Г 1 , (IV.8) 
where d is the dimensionality (here d=2). 
For d=3 this expression coincides with the result given in ref, (Chap­
man i960). Since we are interested in long times it will be sufficient 
~(B) for our purposes to represent С (t) , which is short ranged in time, 
by a properly normalized β function. From (IV,U) and the definition for 
the Boltzmann value of the self diffusion coefficient (11.39) follows 
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t h a t 
. C ( B ) ( t ) = D / t 8 ( t / t ) = D 5 ( t ) . (IV,9) 
О О О о 
~(R) 
Next ve consider the ring contribution С ( t ) and s tar t from the de­
finit ion (cfr. ( I I I . 8 ) ) 
•
 5 ( R ) ( t ) = <
 1
Х
К
о
( 1
'
 ) V1x ^ · ( I V' 1 0 ) 
C ( R )(t) = n
o
 Í dt1 Í dt2 J dq (иг) - 2 
where the ring propagator is given in (II.3^), so that 
r *·. i; 
'o 't 
< < V1x Г > ^ Т о ( 1 2 ) ^ *!5 ^ 2 ' ^ ^ ^ Т о ( 1 2 ) ty-^ V1x >! ^ 
(IV.n) 
and we have written shortly r^ .(t) for T-^l.t) , 
We will not consider the short time behaviour of С (t) since in this 
order in the density (n ) such contributions to C(t) are not predicted 
correctly from the kinetic theory used here, as was discussed in sec­
tions H a and Hie. 
From property (IV.2) it follows that only the fastly decaying parts 
of r s(tj and rs(t-tj in (IV. 11) contribute. 
0
 о 2 ,R. 
The long time behaviour of С (t) is obtained Ъу replacing the inter­
mediate Boltzmann propagators in (IV.11) by their slowly decaying parts 
as is indicated in diagram 11b, 
Then we find from (II,50-5'*) after performing the integrals over t and 
t 2 in (IV.11) 
. C(R)(t) = n~1 (27гГ2 Σ ( dq exp{(zj+za)t} (IV.12) 
j»! Ι ι q 
< ν, (Λ 3) - 1 < Τ (12) PS-*(1) РІ(2) Τ (12) >„ (Λ 3) - 1 v. >. . 
lx o -q q o ¿ lx 1 
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The prime on the integral sign indicates that q < к where к is a 
cut-off wave number of the order of the inverse mean free path к ~ 
I ~ η α . 
о о 
Here we quote a result, discussed already in section IIIc, which is 
useful in estimating the density and time dependence of expressions 
like (IV.12), namely: 
- The quantités φ%{^ ) , φϊ{%^ , p|(1) , Р І ( 2 ) , Γ^(ΐ) , r^(2,t) , 
s i « 
ζ t and zut are independent of the density if they are considered as 
functions of q/n and t/t , 
о о 
Consequently the self diffusion mode and the hydrodynamic modes with 
corresponding frequencies have the following structure (compare II,37-
vr)) 
. Л ~ A ~ 0(1) + 0(iq/n ) + 0((q/n )2) + ... (IV.13) 
q q о о 
.
 Z
S
 ~ z
j
 ~ n
o
 [ 0((q/n
o
)2) + 0((q/n
o
)1*) + ... ] (j^r) 
ъ ~ η [ 0(iq/n ) + 0((q/n )2) + ... ] . (IV.lb) 
q о о о 
The coefficients D , ν , D , Γ occurring in the expressions for 
s i 
the frequencies ζ , ζ are of the same order of magnitude and inver­
sely proportional to the density. 
To calculate (IV.12) we first take the self diffusion mode and the hydro-
dynamic modes involved in the projection operators P.». and РІ in zeroth 
Q. 4 
order in q . Afterwards the higher order terms in (IV,13) are considered, 
By applying the property (II.57) the operators A s and Τ (12) in (IV,12) 
can be eliminated, yielding 
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. C(R)(t) = η"1 (2π)"2 Σ 
¿=1 
dq 
{ < τ, φί(ν.) φ^Ην.) >, } 2 exp { (zù+z3)t } , (IV.15) 
ix q, 1 -q, 1 ι Ч. Ч. 
which is the analogue of (ill.10). Notice that there is only one shear 
mode for d=2 . 
~(R) The shear mode contribution to С (t) (j=ij in (IV, 15)) can be obtained 
by calculating the corresponding matrix element to lowest order in q 
from (11.37) and (іІ.Цб), yielding 
. { < v, Л*> 9*> 1 }
2
 = (ßm)-1 (1-q2) . (IV.16) 
lx q -q 1 тс 
Therefore the shear mode contribution in (IV,15) has the structure 
ï(R)^ ~ --1 iko
 a , n, 2, 
о
 J 
* о 
C(^j(t) ~ n'J | 0 dq q exp(-D'q t) . (IV. 1?) 
Here and in the following estimates D' stands for a typical diffusivity 
(or combination therefore), such as D , ν , D
m
 or Γ , 
• о ' о ' To so 
For t >> t the upper limit on the q integral may be replaced by infi­
nity, yielding 
• C^](t) ~ η t /t . (IV,18) 
\V 1 0 0 
Explicit calculation yields from (IV,15) and (IV,16) 
. C¡^(t) = (d /t ) (t /t) , (IV.19) 
(τ) ; o o o 
where t h e coe f f ic ient d i s given by 
'
 d
o 'fergmn ( D + , ) ( I V ' 2 0 ) 
o o o 
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and is of zeroth order in the density, 
The matrix elements in (IV,15) corresponding to the sound mode contri­
butions are equal to 
. { < ν 1 χ А<РІ+ >1 }
2
 = (2/3ιηΓΊ q^  . (IV.21) 
Therefore the contributions of the two sound modes together may be 
estimated as 
C (
+
, - ) ( t ) no 
0
 dq q cos(c qt) exp(-D'q t) (IV.22) 
о 
and we find straightforvardly for t >> t 
, c|R) At) ~ η ( /t) 2 . (IV.23) 
(+,-> о о 
We note here that the extra factor cos(c qt) in (ΐν,22) compared to 
(IV,IT) gives an extra factor t /t in the result (IV.23) compared to 
(IV,18). This observation will be useful in the estimating procedure 
in this chapter. The heat mode in (IV,15) does not contribute if the 
modes are taken to zeroth order in q , since the amplitude vanishes 
T s 
< v. φ-+ Ч> •*•>.= о . (IV,21*) 
ι χ q —q ι 
Finally we consider the self diffusion mode and the hydrodynamic modes 
involved in (IV,12) to first order in q . The terms of order q in these 
expressions give corrections to the above results. For j=7i and j=T in 
(IV.12) these corrections are of the form 
0
 dq q (q/n0)
2
 expt-D'q^) (IV.25) 
Π 
г· 
' о 
and therefore they are proportional to 
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. ~ η (t /t) 2 . (IV.26) 
o o 
o 
Note that the extra factor ( q/n ) in (IV.25) compared to (IV.17) 
gives an extra factor t /t in the result, which again is a useful pro­
perty in this chapter to estimate contributions to C(t) , 
From the same observation it is easy to see that the correction terms 
~(R) to the sound modes in (IV,12) give contributions to С (t), which are 
still smaller than (IV.23). 
Summarizing we find from (IV.19-26) for the ring contribution to C(t) 
. C(R)(t) = d /t [ t /t + 0((t /t)2) ] , (IV.27) 
о о о о 
which is the well-known long time tail in the velocity correlation 
function for two dimensional systems (Dorfman 1970), The coefficient 
d is given in (IV,20). It will be convenient to study further contri­
butions to C(t) in Laplace language. For comparison we give the La-
~(R) place transform of С (t) 
. C(R)(z) = d
o
 { log(z
o
/z) + 0(1) } , (IV.28) 
where ζ << ζ and ζ is of the order of the inverse mean free time 
0 0 
o ~(R) 
We note that the long time behaviour of С (t) reflects itself in a (R) 
non-analytic behaviour of С (ζ) for ζ •+ о . 
To obtain the contributions to C(t) to the next order in the density 
we have collected in figure 11 the set of diagrams (c-h) which are 
2 
of order η according to the relation (IV,3). 
We will show that the dominant singularities to this order in the den­
sity are of a new type, namely 
2 
~ n
o
 (log(z /z)) 
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for small ζ in Laplace language, or 
. ~ n
2
 ( t / t ) l o g ( t / t ) 0 0 о 
for large times in time language, 
We will also find singularities of the form η log(z /ζ) , which are 
о о 
higher density corrections to (IV.28). They should he neglected con­
sistently in this low density kinetic theory. 
~(R) By a calculation similar to that of the ring contribution С (t) 
given аЪо е, one can show that the contribution of the upper ring in 
diagram 11c is proportional to (t -t ) if t -t >> t and the lower 
ring contrihution is proportional to (t,-t _)"'' for Ь -t » t .By 
performing the time ordered integrations one finds 
. C(c)(t) ~ n 2 [ t
o
/t log(t/t
o
) + O(t
o
/t) ] (IV.29) 
and s imular ly for diagram l i d 
. C ( d ) ( t ) ~ n 2 [ t / t l o g ( t / t ) + 0 ( t / t ) ] . (IV.30) 
0 0 0 0 
Note that these contributions to C(t) are more dominant in time than 
~(R) the ring contribution С (t) . 
~(c) 
The explicit analytic expression for С (t) contains a factor of the 
form 
. ... < < ^ ( ΐ , ) *£(v2) To(12) ^ ( v , ) ^(v 2) >1 >2 ... . (IV.31) 
~(d) 
The expression for С (t) contains a factor 
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. f 3 dtl < < φΒ+(γ.) 4(v„) Τ (12) > (-η Λ 3 ) - 1 
2 
6(t¿-t2) n o < T0(13) ^ ( v , ) v|(v3) >3 >1 ... . (IV«32) 
Otherwise both analytic expressions for С (t) and С (t) are the 
same. The dominant long time behaviour of С (t) and С (t) , as 
estimated in (IV 29,30) is obtained from their explicit analytic ex­
pressions by taking all modes in zeroth order in q , similarly to the 
~(R) 
calculation of С (t) given above, Then the property (11,57) may be 
applied to (IV.32) and one finds that both factors (IV,31) and (IV,32) 
are each others opposite. Therefore the dominant long time behaviour 
of (r C (t) and (Г (t) cancel and we conclude 
. C ( c )(t) + C ( d )(t) ~ n 2 0(t /t) , (IV.33) 
о о 
which is our final result for the diagrams 11c and lid, 
~(e) 
Next we consider the contribution С (t) arising from diagram lie and 
reading explicitly (cfr. III.lit) 
da exp(zst) 
< ν 1 χ ( Л
3 ) - 1 < T
o
(12) P3^(1) T+(2,t) T
o
(12) >2 (Λ
3)" 1 ν 1 χ >, , 
(IV.3U) 
where the operator T->-(2,t) stands for the side branch of diagram 11e 
so that 
. T-*(2,t) = η 
ft (t 
dt1 dt 2 (2)r) 
J ti 
dk M 2 ) r+(2,t.; 
q q. ' 1 
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< T
o
(23) Pj(2) r+(2,t2-t^ P|(3) r-^O.tg-t^ To(23) (1+P23) >з 
P*(2) I42,t-tJ , (IV.35) 
q q 2 
where Î = q-k . Note that T-»-(2,t) starts and ends with a projection on 
a hydrodynamic mode since P+(2) = Σ Pit2) with j = Τ , ο , η according 
to (11.52). ^ 
Therefore the integrand of (IV.31*) starts with a factor 
. < v. (Λ 3) - 1 < Τ (12) /-(v.) φί(%) >, >. (IV.36) 
lx ο -q 1 q ¿ \ ¿ 
and i t ends with 
. < < 4 ' ( v . ) ^ ^ ( v j Τ (12) > ( Λ 3 ) - 1 ν > . ( I V . 3 7 ) 
q 2 - q l o d l x 1 
These expressions are studied above (compare IV.12) and we have seen 
that they are of order q/n (IV.2k) for j=T or j'=T , and of order 1 
(compare (IV. 16) and (lV.2l))for j=a ,7j or У=о ,v . 
It turns out that the heat mode in (IV.36) or (IV.37) does not contri-
~(e) hute to the leading long time behaviour of С (t) since the integrand 
of (IV.3U) contains at least one extra factor q/n compared to the 
case where J=TÌ in (IV.36) and y=i¡ in (IV.37). 
It can he shown explicitly that the sound modes in (IV.36) or (IV.37) 
~(e) do not contribute to the leading long time behaviour of С (t) in 
(І .ЗІО. The arguments use the fact that at least one extra factor 
cos(c qt ) or cos(c q(t-t )) enters the integrand of (IV.35) compared 
to the case where j=7¡ in (IV.36) and j'=7? in (IV.37)· Such functions 
behave as extra damping factors in the q integral of (IV.3^), equiva-
~tn) 
lently to what we have seen in (IV.IT) and (IV.22) for (Г (t) . 
Summarizing it follows that only the shear mode in (IV.36) and (IV.37) 
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~(e) 
contributes to the leading long time behaviour of С (t) , 
Therefore we replace the operator Τ in (IV.3k) by its contribution 
. T42,t) = РІ(2) Y(q,t) , (IV.38) 
where Y(q,t) is given by 
. Y(q,t) = < ?l(v-) I T-(2,t) I ДС .) >„ . (IV.39) 
1 ¿ 1 ΐ 2 ¿ 
By calculating the expressions (IV.36) and (IV.37) for j=7j and j'=i7 
to lowest order in q. one finds from (IV. '\6,3h,38) 
.ι 2 
. C ( e )(t) = (/3mn
o
r
1
 (иг) - 2 J dq ( 1 - φ e~Doq * Y(q,t) . (IV.1»0) 
Its Laplace transform is given by 
dq (1-φ Y(q,Z+D
o
q2) , (iV.Ul) 
where Y(q,z) i s t h e Laplace transform of Y(q,t) . 
~(e) In order t o obta in t h e long time behaviour of С ( t ) we study t h e (e) 
non-analyt ic behaviour of С (ζ) for z-*o . 
An e x p l i c i t expression for Y(q,z) i s obtained from (IV,35) and (IV.39) 
and reads (compare ( i l l . 1 5 ) ) 
. Y(q,z) = Σ Y ^ í q . z ) (IV.1+2) 
λ,μ 
Υ
λ μ(Ϊ,ζ) = Ì η ( ζ * q 2 r 2 (2*Γ 2 
ο ο 
dî ( ζ - ζ ^ Γ 1 Μλ μ(£,Ϊ) , 
(IV.1»3) 
where λ,μ run over the hydrodynamic modes (Τ,σ,τι) . The matrix ele­
ment M^ is given by 
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. Μ
λμ(Χ
>
ΐ) = < ?kvJ I < Τ (23) (1+P-_) q. ¿ o ¿i 
p£(2) P^(3) To(23) (1+P23) >3 l Д (
 2) >2 . (IV.UU) 
The factor \ in front of (IV.U3) and the first factor (1+P ) in 
(IV.I+U) result from symmetrizing M with respect to the variables ν 
and ν . 
The matrix element M (к,Τ) vanishes for q=o . This follows from (11.21) 
and the fact that the hydrodynamic modes iii(v„) in zeroth order in q. 
*. . •* 2 
are linear combinations of the summational invariants 1 , v. and v„ . 
Therefore the hydrodynamic modes at the beginning and at the end of 
(IV. 1+1+) are needed explicitly to first order in q . Here only the shear 
modes are needed, according to the previous discussion. One sees then 
from (IV.13) that this matrix element is at least proportional to 
. M^CÎ.Î) ~ (q/n ) 2 . (І Л5) 
By taking the hydrodynamic modes involved in the projection operators 
P+(2) and Р5-(3) in (IV.U1*), to zeroth order in к and I one finds from 
(ΙΙΛ6) and (11.58) 
. М
Х д(кД) = -0m (q/n
o
) 2 sJM(k,t) (IV.U6) 
with 
. З^(кД) = { < *£(v2) ^ (v 2) (q.v2) (^.Υ2) >2 }
2
 . (IV.UT) 
By taking the modes to f-iret order in к or I one finds corrections to 
this result of relative order к or t . From the methods given below one 
can show that these correction terms will give no contributions to the 
~(e) leading long time behaviour of С (t) , but the details are omitted 
here. 
111+ 
The amplitudes in (І ЛТ) can Ъе calculated from (Il.h0th3,h6). We need 
explicitly 
. Sj^î.t) = (Um)"2 { (^.K) (î.î) + (\Л) (|.E) } 2 (IV.Wa) 
. 5 Т Т(гД) = S7,T(k,t) = STl'(Î,Î) = о (І Д8Ь) 
. sJ~(î,Î) = s"+(k,Î) = (2|3m)"2 { (1.2) (^.î) + (ξ.Ϊ) (^.ί) } 2 . 
(і Л8с) 
By means of (IV.US.^Ô) the function Y (q,z) can now he expressed as 
/"rï-i =^â2 i 2 f
k 8λμ(ίΤ,ΐ) 
dí Ι υ dk к т'
 μ . (І Л9) • ϊ^(ΐ,ζ) = 2 2 2 
а» п
о
 (z-h.
o
q ) ·» „ - - к - г 
(е) In order t o obta in t h e dominant n o n - a n a l y t i c i t y of С (ζ) from t h i s 
express ion and (IV.Ul) we apply t h e following method, which i s des­
cr ibed in d e t a i l in re ference (Ernst 197Ό. 
Take ζ p o s i t i v e r e a l hut a r b i t r a r i l y small and introduce a quant i ty θ 
Ъу 
. 0 ( q , z ) = max(q,Vz/(D
o
+v
o
)') , (IV.50) 
which may be considered as a small parameter since the singularities 
(e) 
of С (ζ) for z-»-o arise from small values of q in the integrand 
of (IV.Ul). Then the function ï (q,z) is divided into two parts 
. Y^(q,z) = Y ^ q . z ) + Y^Cq.z) , (IV.511 
where the first term on the right hand side is obtained from (IV,U9) 
by restricting the к integral to the interval о < к < Ν 9 , (Ν >1) , 
the second term arises from values of к with И fi < к < к 
о о 
115 
λΐί 
The functions Y, •, are estimated in the following way. 
The amplitudes S in (IV. 1*9) are bounded from above as follows 
from (IV. 48). The denominator in the integrand of· (IV.1*9) is bounded 
from below by 
. I ζ-ζ^ -ζ'ί I > I ReU-z^-z^) I > z+D.k2+D I2 , 
where D. and D are equal to ν , D or ir
so
 according to the modes, 
. . • * • - > • - » • - * • 
which are taken into account. Since I = q-k , we have for fixed q 
that 
λ μ 
since the left hand side is a quadratic function of k. , Therefore 
. I z-z^-z^ I > D' θ2 , (IV.52) 
where D' is a typical diffusivity. From this follows that the func­
tion YV ч is at most proportional to 
[<>
 ° Ы q 2 ) 2 Jo D ' 9 2 
о 
2 2 Since q < θ and z+c q > D'0 we f ind 
^ o
u 
. Y ^ j í q . z ) ~ ( n o / 9 ) 2 (IV.53) 
and its contribution to С (ζ) denoted by С. Лг) , is at most pro-
port ionaJ. to 
c j ^ U ) ~ n
o
 log(z
o
/z) (IV.5·») 
as follows directly by substituting (IV.53) in (IV.Ul). 
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λμ 
Next we consider the function Y/ 4(q,z) , which is given by 
Y ( > ) ( < 1 > z ) - 7~2~ 
θπ η ( z+f q ) ' 
о о 
dl 
3λμ 
dk к - а 
(î.î) 
Ν β 
о 
ζ
-\-ζι 
(IV.55) 
Consider the difference 
λ μ 
ζ
-\-ζι 
λ μ 
-\-ζι 
, Κ μ, , Α μ. (z-z k- Z z)(z k +z z) 
< fl2/(D'klt) (IV.5б) 
since the denominators satisfy the inequalities 
z-z^-z*! I > D'k2 
к I 
-vi ' »D,k2 
(IV.57) 
(IV.58) 
Therefore the factor ζ in the denominator of the integrand of (IV.55) 
2 
may be omitted, the error made Ъу doing so is proportional to (η /Θ) 
as can be seen from (IV.56). 
Secondly the amplitudes S ''(к,Τ) in (IV.55) can be replaced by S ''(î.-ïc) 
Since к is larger than q , the correction term is of order 
0(q/k) (IV.59) 
This follows from the property that S (k,î) depends on ΐ only through 
the combinations q.Z and q .ΐ , which can be expanded in powers of 
q/k , the leading terms being -q.K and -q. .K respectively. The term 
of order q/k in (IV.59) yields in (IV.55) corrections to Y, « at most 
2 
proportional to (n /9) as follows from the inequality (IV.58). 
λ μ / -•• \ 
Then Y/ v ( q , z ; may b e r e w r i t t e n as 
v ^ it „ I - -flm Y ( > ) ( q ' z ) -ТУ 8π η (z+c q ) ' 
о о ^ 
d£ dk к -2—тг + 0 ( ( n / β ) ) 
λ μ ο 
-V z i ( I V . 6 ο ) 
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The term of order (η /в) yields contributions to С (ζ) at most pro­
portional to η log(z /z) , (compare (IV.53)). 
о о 
In the cases where the labels λ , /1 in (IV.60) are taken to be (++) , 
( — ) » (Ч+) , (4-) , (T+) , (T-) the inequality (IV.58) for the de­
nominator in (IV.60) can be improved to 
I z^  + Z*! I > а с к (a>o) (IV.6l) 
κ ¿ о 
valid for all values of к larger than Ν θ , Here с is the adiabatic 
о о 
sound velocity. From this, the first term in (IV.60) can be estimated 
directly with the result 
• Σ Y^íq.z) ~ Σ Y^jCq.z) ~ Σ Y^jíq.z) ~ (η/β ) 2 . (IV.62) 
o (τ σ 
In summary we have from (IV.62), ( І Л ь) and (IV.53) 
. Y(q, B ) = ï ^ j i q . z ) + Y^jCq.z) + Y ^ ^ q . z ) + O( (n o / 0 ) 2 ) . (IV.бЗ) 
We still have to show that the dominant contributions to Y(q,z) in 
(IV.1»2) arise from the shear-shear and the opposite sound modes. 
We first calculate Y^,(q,z) from (І Лва) and (IV.60), where 
. S^ik.-k) = h{ßm)~2 (cosv>siiy)2 (IV.6U) 
with cosv = Ic.q , and 
1 1 
-z^-z^ 2V k2 
к Ι о 
{ 1 + 0(q/k) } . (IV.65) 
The correction term of order q/k does not contribute to the leading 
singularity of Y^  » , similarly as we have seen in (IV.59)· 
Performing the integrations in (IV.60) and using (IV.20) yields the 
final result 
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d (D -h> ) q.2 
• Y^^tq.z) = 0 0 0 j - j log(e/k ) + 0((n /Θ) 2 ) . (IV.66) 
1 ;
 2v (z-H- q ¿ ) 2 0 0 
o o 
Note t ha t the f i r s t term i s of order (n /9 ) log0 . 
о 
The amplitudes in (IV.60) for t h e opposi te sound modes are obtained 
from (IV.1*8C) 
. S+-(k,-k) = S~+(\,-î) = ( 0 т Г 2 ( c o s v s i r v ) 2 , (IV.67) 
where cosi? = £ .q . The frequency denominators in the integrand of (IV.60) 
are for t he se cases given by 
1 1 
-z*-z- ic (k-z)+ir (к 2+г 2) 
к L o so 
-ζΓ-ζ* -ic ( к - г И г (k 2 +i 2 ) 
к t o so 
2 2 2 
The factors к + I are replaced by 2k , so that 
1
 -
 1
 { 1 + 0(q/k) } 
-z^-z, ic (k-l)+r к2 
к Ζ o so 
-ζΓ-ζ* -ic (к-г)+Г к 2 
к Ζ о so 
ί 1 + 0(q/k) } , 
where the correction terms of order q/k give contributions to Υ/ \ 
-+ 2 
and Y, s of order (η /Θ ) . 
1>J о 
For fixed values of q and large values of к , the factor к - I may 
not be replaced by zero. For this quantity we use the relation 
к - I = q cosip + q 0(q/k) . This yields 
1
 - '
1
 { 1 + 0(q/\j } (IV.68a) 
+ 2 
-z, -z, ic qcosip+r к 
к i о s
 1 1 9 
- + 2 
, -ζ, -ie qcosv+r к 
к ¿ о s 
{ 1 + 0(q/k) } . (і .бвЪ) 
Strictly speaking these relations are valid only for cosv ^  о . We 
omit the proof that they may be used for cosv = о too. 
Substitution of (IV.67,68) into (IV.60) yields the final result for the 
opposite sound modes 
d (D +v ) q2 
. YÎ-,(q,z) + ï7\(q,z) = 0 0 0 ^logatq.z) + 0( (η /β)2) , 
[>> [>>
 UT (z-K- q 2 ) 2 0 
3 0 0
 (IV.69a) 
where 
a(q,z) 
2 
z/z if Ν ζ > с q 
о о о 
2 
q/k if Ν ζ < с q 
о о о 
(І .69Ъ) 
(e) The leading non-analytic behaviour of С (ζ) is obtained from (IV.U1, 
63,66,69) with the result 
. C(e)(z) = - 1 d2 { ^ - + gjJ- } { (log(z
o
/z))2 + O(logz
o
/z) } . 
о so 
(IV.70) 
Its inverse Laplace transform is given by 
. C(e)(t) = - d^  { TJ^ + ^ J - } 1 { log(t/t
o
) + 0(1) } , (IV.71) 
о so 
which is our final result for this contribution to the velocity cor­
relation function. 
~(f ) Next we consider the contribution С (t) represented by diagram f in 
figure 11, and reading explicitly 
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. C(f)(t) = η"1 (2πΓ2 Σ 
λ 
dq exp(z t) X(q,t) 
< ν 1 χ (Λ
3)"1 < Т
о
(12) рЧ( 2) Pj(l) То(12) >2 (Λ3)"1 ν 1 χ >, , 
(IV.72) 
where λ runs over the hydrodynamic modes (Τ,σ,τ}) and the Laplace 
transform of X(q,t; reads according to figure 11f 
. Χ(α,ζ) = Σ X?(q,z) (IV.73) 
μ 
. / ( q . z ) = n
o
 (z+D
o
q 2 )" 2 (27г)"2 f dk (z-z^-z^)"1 / ( k j ) (IV.TU) 
. / ( k . t ) = < ^ ( v j I < Τ (23) Pf l4(3) Τ (23) >_ I ^ ( v j >, , q l o k Z · o 3 q 1 i 
(IV.75) 
where Î = q-k and μ = (Τ,σ,η) . 
The quantity on the second line of (IV.72) is studied in (IV.36) and 
(IV.37)· Due to the same arguments given there only the shear mode 
(λ=τ?) contributes in (IV.72) to the dominant long time behaviour of 
(Г ;(t) . Then it follows from (IV.l6) that 
Í i 2 
dq (1-ф e-V X(q,t) . (IV.76) 
I t s Laplace transform is given by 
. r 
. C ( f ) (z) = (filmar1 (2π)-2 J dq ( 1 - φ X(q,z+V
o
q2) . (IV.77) 
The function X(q,z) is studied in a similar way as was done for Y(q,z) , 
compare (IV. 1*2,1*3,1*1*) with (IV.73,T1*.75). 
The self diffusion modes at the beginning and at the end of (IV.75) are 
needed explicitly in first order in q . The matrix elements ГГ(к,Т) 
are at least proportional to (cfr. (IV.1*5)) 
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. ιΛΪ,ΐ) - (ч/п0)2 . (iv.та) 
By taking the modes contained in P-+ and K- to zeroth order in к and Τ 
we find 
2 
. ^(k.t) 9 _ ( ^ . ΐ ) 2 (IV.T9) 
0mn 
о 
. NT(Î,Î) = о . (IV.80) 
The functions к {n,z) can be calculated according to the method given 
above, with the result 
. X+(q
>
z) ~ X-(q,z) ~ (n
o
/fl)2 , (І . 1) 
where 6(q,z) is the maximum of q and Vz/D -H> according to (IV.50). 
The shear mode in (IV.T1*) gives 
2 
. X^q.z) = 2d L _ _ l o g ( e / k ) + 0(( n /β)
2) . (IV.82) 
0
 (z
+
D
o
q 2) 2 0 0 
Using these results we obtain 
. C ( f ) ( z ) = - ^ d 2 — J — { (log(z / z ) ) 2 + O d o g i z /z) } . (IV.83) 
¿ O U "^ *' о о 
о о 
I t s inverse Laplace transform i s given by 
. c
( f ) ( t ) = - d 2 ^ - ^ { l o g ( t / t
o
) + 0(1) } , (IV.BU) 
о о 
which is our final result for the contribution of diagram 11f. 
The diagrams g and h do not contribute to the leading long time be-
~ 2 
haviour of C(t) in this order in the density (n ) .To prove this 
statement the estimating procedure discussed below (IV.ky) is very 
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helpful. 
As an illustration we consider diagram 11g. Taking the slowly decaying 
part of all internal propagators one finds an expression for С ° (z) 
of the structure 
c
(g)(z)~n:2 f' aS f dí-a 
1 J 7.+П о z+D'q
2
 z+D'^+D' 'q^D' " J 2 z+D'k2 
(IV.85) 
where I = q-k and D' , D'· and D''' are quantities of order ν , D 
or D , and where we consider only hydrodynamic modes of diffusive 
type (i},T) . The factor q in the numerator of (IV.85) arises from the 
matrix element 
< < ^ ( v 1 ) т о (із) ^ ( v , ) φ\α3) >1 > з, 
where the self diffusion mode at the beginning has to Ъе taken to 
first order in q (compare (IV.UU)), yielding a factor q. The factor к 
in the numerator of (IV.85) comes from 
• < < n
( V <#%) To ( 2 3 ) (1+P23) *iî(V ^ "3 ' 
where the last mode has to he taken to first order in к . 
The estimating procedure given above applied to the expression (IV.85) 
yields 
( g ) f , ^ -2 Го, 1 Cve'(z) ~ η / 0 dq q 
' о z+D'q 
k
 1 
dk к —т-г-
Ν β D' к 3 
о 
зо that 
. C ( e )(z) ~ η log(z /ζ) . (IV.86) 
о о 
Similarly we find for diagram 11h 
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. C(h)(z) ~ η log(z /ζ) . (IV.87) 
о о 
So far we have studied the contributions to C(z) up to first order in 
the density. Summarizing we have found in (IV.9,28,33,T0»83,86,87) 
that for ζ << ζ 
о 
. C(z) = D + й log(ζ /ζ) + ^  d. [ (log(z /z))
2
 + O(log(z /z)) ] 
О О О ¿: 1 О О 
+ 0(n2) [ (log(z /ζ) 3 + O((log(z /ζ)2) ] , (IV.88) 
о о о 
where the coefficients D , d , d. are of succeeding higher order in 
the density. The coefficient d can be obtained from the results (IV. 
70,83) 
• ^ - - « í l И і Г + й Г - + 8 Г - ] <І .в9> 
о о о so 
and is of first order in the density. 
2 3 
The terms in (IV.88) of type η (log(z /z)) arise from diagrams in 
which e.g. the slow Boltzmann propagator of the tagged particle in 
diagram lie is replaced by the ring propagator. This follows directly 
by applying the methods given above. 
The inverse Laplace transform of (IV.88) gives our final result for 
the velocity correlation function for t >> t 
. C(t) = D 5(t) + d χ + d. f { log(t/t ) + 0(1) } 
ο ο ΐ ι t о 
+ 0(n3) -2 { (log(t/t )) 2 + 0(log(t/t )) } . (IV.90) 
о t о о 
Before concluding this section we calculate the time dependent diffu­
sion coefficient D (t) from (1.1*5) and (IV.90) yielding for t >> t 
о 
121* 
Ώ[ο
'{%) = D + d { l o g ( t / t 1 + 0 ( 1 ) } + 
0 0 o 
+ - | d1 { ( l o g ( t / t o ) ) 2 + 0 ( l o g ( t / t o ) ) } + 
+ 0 ( n 2 ) ( l o g ( t / t ) ) 3 . (IV.91) 
125 
b. The time dependent super Burnett coeffieient 
In this section the time dependent super Burnett coefficient is cal-
culated from kipetic theory for a two dimensional hard disk system. 
We start from the relations (1.1+6-50) 
. D(2)(t) = E(t) - E^t) - E2(t) - E3(t) . (IV.92) 
The function E(t) is calculated by means of the diagrammatic repre-
sentation described in section d of chapter II. 
The functions E.(t) (i=1,2,3) can be calculated from the relations 
(1.1*8-50) and the results for the velocity correlation function ob-
tained in the previous section. 
In principle we order the contributions to E(t) and E.(t) with res-
pect to their long time behaviour. Then it will appear that there 
exists a series of contributions to these functions, which are in-
creasingly more divergent in time with coefficients, which are of 
increasingly higher order in the density. 
Therefore it is more convenient to order the contributions first 
with respect to their density dependence and to study then, within 
each order in the density, the terms, which are dominant in time. 
In successive orders in the density the dominant long time behaviour 
turns out to be more divergent and therefore it is predicted correct-
ly by the kinetic theory used here, according to the discussion 
in sections IIa and IIIc. 
This procedure is similar to the way the velocity correlation function 
was studied in section a. 
First we apply this procedure to order the contributions of the sub-
tracted terms E.(t) in (IV.92). 
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For both v e l o c i t y c o r r e l a t i o n functions in t h e express ion (1.50) for 
E ( t ) t h e expansion (IV.1) for C(t) i s s u b s t i t u t e d y i e l d i n g 
. E ( ) = Σ E ^ r ' 3 ) ( t ) (IV.93) 
r , s 
. E Ì r ' s ) ( t ) = dt f dt f dt C ( r ) ( t ) C ^ ^ t . - t . ) , (IV.9k) 
3
 Jo 1 Jt1 2 k2 3 3 2 1 
where r and s label the diagrams occurring in figure 11 (r,s=B,R,c,d, 
e,f,...). 
Each diagram of figure 11 or equivalently each term in the expansion 
(IV.1) has a well defined density dependence when time is measured in 
units t , which can be obtained from the relation (IV.3). 
о 
Consequently to lowest order in the density E (t) is described by the 
(B B) term Σ\ ' (t) in (IV.93). Its time dependence is obtained from the 
3 ~(ц\ 
result (IV.9) for (Г '(t) , hence 
¿3B>Bht) - dt 
rt ft 
at 
t , }tr 
d t 3 ï ï ( B ) ( t 3 ) c{B)(t2-tr 
~ n" 3 0 ( ( t / t )0) 
о о 
(IV.95) 
To next order in the density we find two contributions to E (t) 
namely E^ * (t) and E^ ' (t) . The time dependence can be obtained 
ñ ( B ) , n ( R ) , from t h e r e s u l t s (IV.9,27) for CT ( t ) and Cv ' (t) , hence 
ft ft ft 
E ( R ' B ) ( t ) = dt d t , dt3 c ( R )(t3) Ъ{ъ\г2-ь^) 
'1 
~ n "
2
 0 ( t / t ) 
о о 
(IV.96) 
and 
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. E^B'R)(t) ~ n¡ 2 0((t/to)0) . (IV.97) 
Note that E^R'B4t) diverges as t tends to infinity and E.:B'R'(t) 
stays finite. 
Then we collect the terms in (IV.93), which are of order n~ and we 
о 
find 
E{r's)(t) - η " 1 if 3 о 
r=B; s=c,d,...,h 
r=R; s=R . (IV.98) 
r=c,d,...,h; s=B 
The time dependence of these expressions is obtained from the results 
of the previous section (IV.9,27,33,71,81*,Θ6,87) yielding 
. E Í B ' s ) ( t ) ~ n"1 0 ( ( t / t ) 0 ) i f s = c , d , . . . , h 
D О О 
. E Í R ' R ) ( t ) ~ η " 1 0( t/ t log(t/t )) i о о о 
. E ^ ' B ) ( t )
 + E
( d
'
B ) ( t ) - η " 1 0( t/ t ) 3 o o 
. E Í e ' B ) ( t ) ~ n"1 0 ( t / t log( t / t )) J o o o 
. E^ f ' B ) ( t ) ~ n - 1 0 ( t / t l o g ( t / t )) j o o o 
. E^e>B)(t) ~ E^ h ' B ) ( t ) ~ n ¡ 1 O(t / t o) (IV.99) 
and we conclude that in th i s order in the density there are three 
contributions, which are dominant in time namely E ' ( t) , E ' (t) 
and E^ f ' B ) ( t ) . 
In summary, E (t) has the structure 
E At) = n~3 0 ( ( t / t )0) + n~2 0 ( t / t ) + n - 1 0 ( t / t log( t / t )) + . . . . 
3 О О О O O 0 0 
(IV.100) 
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We will show in this section that the function E(t) contains contri-
butions, which cancel systematically the terms E^ ' (t) , E^ ' (t) , 
Е^ ' '(t) and E:. ' '(t) , when substituted in the relation (IV.92) 
for D(2)(t) . 
The contributions to the function E (t) defined by (1.1*9) are given 
by a similar relation as (IV.93,9^), namely 
. E ( ) = Σ E^r's)(t) 
r,s 
. E^r>s)(t) = | dt1 | dt2 | dt3 C ( r )(t 2) C ^ ^ t ^ t ^ . (IV.101) 
1 2 
From the results of the previous section one finds that E (t) is of 
the form 
. E0(t) = n
- 3
 0((t/t )0) + n"2 0((t/t )0) + n"1 0(t/t ) + . . . . ¿ о о о о о о 
(IV.102) 
-2 -1 Note t h a t t h e more dominant terms of t h e form η 0 ( t / t ) and η 
о о о 
0(t/t log(t/t )) are absent in E (t) , (compare (IV.100)). 
The function E (t) defined by (ІД ) can be studied in a similar way. 
However we will show that E (t) , when substituted in the relation 
(2) (IV.92) for D (t) , cancels completely a term contained in E(t) . 
Explicitly we will find in this section that the super Burnett coef­
ficient is of the form 
О О О О О О ( 
(IV.103) 
D ( 2 ) ( t ) = η " 3 0 ( ( t / t ) 0 ) + η " 2 0 ( t / t ) + η - 1 0 ( t / t l o g ( t / t )) + . . . 
o o o o o o o 
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Therefore in the course of the calculation we neglect consistently 
(2) 
contributions to D (t) , i.e. to E(t) and E.(t) , which are, in 
any order in the density, smaller in time than the dominant ones in­
dicated here. 
Consequently the subtracted term E (t) in (IV.92) may be neglected in 
—2 —1 
order n_ and η , as follows from (IV.102). 
о о 
Next we consider the density dependence of diagrams contribution to 
E(t) by means of the relation (III.66). For d=2 this density depen­
dence is given by 
_я V N 2 
. η
 J
 η
 1
 ¿
 (IV.10U) 
о о 
valid when time is measured in units t and where N, and N„ are the 
о 1 2 
numbers of vertices of type 1 and 2 given in figure 2. 
The diagrams contributing to E(t) as defined in section d of chap­
ter II are divided into five classes (I,...,V), drawn schematically 
in figure 5, so that 
. E(t) = E(I)(t) + ··· +
 Е( )( ) · (IV.105) 
The double straight line in figure 5 represents the full propagator 
Г (1,t) defined in (II.1), a cross represents the velocity of the 
tagged particle ν and the bubbles stand for the sum of all diagrams 
with one or two crosses in their interior and will be considered below. 
Before starting the actual calculations we quote a useful estimate for 
the long time behaviour of the full propagator Γ (l,t) . 
This operator can be separated into a constant part and a remainder, 
referred to as the orthogonal part 
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. r^d.t) = p^d) + (1-P"(1)) Г^(1, ) , (IV.106) 
where the projection operator Ρ (1) is defined Ъу (11.51) and (II.37). 
We have used the fact that Ρ (l) projects on the unit function, which 
is an exact eigenfunction of Γ (l,t) with eigenvalue 1 . 
An estimate for the orthogonal part of Γ (l,t) can Ъе obtained from 
the considerations of the previous section. Especially from (IV.90) 
we find 
. ( I - P S ( I ) ) P O . t ) ~ n ° 6 ( t / t ) U (1) + 
о о о о о 
+ п1 h, ( t / t ) U . d ) + η 2 h 0 ( t / t ) U 0 (1) + . . . , (IV.107) 
O l O l o ¿ o ¿ 
where U.(1) (i=0,1,2,...) are regular time independent and density 
independent operators, acting on functions of ν , which are ortho­
gonal to the unit function; h.(x) (1=1,2..,) are hounded functions of 
χ , with an asymptotic hehaviour for large χ given by 
h.(x) ~ (log χ ^ " V x (i=1,2,...) . (IV.108) 
We start the calculation of E(t) with the term E, »(t) in (IV.105). 
All diagrams of class V, in figure 5, together give a contribution 
V)(t) 
•t ft ft 
t "3 
d t 1 I d t 2 
<
 ' i x O 1 · * ^ ^ x ^ o ^ ' V ^ ) ' i x ^ ^ ' V ^ J V1x *! · ( I V - 1 0 9 ) 
Due to the property (IV.2) the propagators Γ^Ι,t ) and rs(l,t -t ) 
in this expression may be replaced by their orthogonal parts, as de­
fined in (IV. 106). We insert forf^l.t -tj in (IV. 109) the decompo-
o 2 1 
sition (і .ІОб) so that 
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•
 E ( V ) ( t ) = E ( V , A ) ( t ) + E ( V , B ) ( t ) · ( I V- 1 1 0 ) 
where E,
 n
\('t) arises from the constant part of Γ (l,t0-t,) and (ν,Ri ~ о 2 1 
E/, TINÍ'1') from the orthogonal part. 
From the relations (1.1*8), (II.6) and (IV.109) follows directly that 
. E ( v A)(t) = E^t) , (IV.Ill) 
which is an exact relation valid for all times. 
The function E/v д}^) ^ 3 ЪУ itself the most important contribution 
to E(t) for long times, but in the calculation of the time dependent (2) 
super Burnett coefficient D (t) , it cancels the subtracted term 
E (t) , according to (IV.92). 
An estimate for Ε, -п)^) c a n Ъ е obtained by using the relation (IV.107) 
for the orthogonal parts of all propagators in (IV.109), yielding for 
large times 
•
 E ( v , B ) ( t ) ~ n ; 3 o ( ( t / t o ) 0 ) + 
+ n"
2
 0(log(t/t )) + n - 1 0((log(t/t ))2) + ... . (IV.112) 
о о о о 
We conclude therefore that the dominant long time contributions to 
E, >(t) come from diagrams in subclass VA, which yield together 
a contribution E, ді^) given by (IV.111). 
The dominant short time behaviour of E(t) , for low densities, is ob­
tained from diagram V (figure 5) if all full propagators Г are re-
placed by Boltzmann propagators Г , yielding for t on the order of t 
dt3 
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S(t) = dt1 dt2 
<
 V1x Г о ( і ' V1x Го( 1' V1x ^ ^ . V ^ 5 V1x >! · ( I V - 1 1 3 ) 
This expression can Ъе c a l c u l a t e d e x p l i c i t l y in success ive Enskog 
approximat i o n s . 
(2) In f i r s t Enskog approximation the r e s u l t for D ( t ) i s given by 
(111.37b), which i s v a l i d for any dimension. For d=2 t h e frequency 
λ i s given by λ = 1/t where t i s given in ( I V . k ) , so t h a t for t ~ t 
о о о о о 
. D ( 2 ) ( t ) = [ D ^ 2 ) ]
 1 { 1 + | e x p ( - t / t o ) - 1* e x p ( J t / t o ) 
+ I exp(-2t/ t ) - | ( t / t ) e x p ( - t / t ) - | · ( t / t ) 2 e x p ( - t / t ) } . ¿ o ¿ о о Ч о о 
( I V . l i l t ) 
(2) . Here D i s t h e Boltzmann value of t h e super Burnett c o e f f i c i e n t , 
which in f i r s t Enskog approximation i s given by 
• [ D ^ l . = 4 ( З т Г 2 t 3 . (IV.115) 
о 1 i о 
The expression (IV. Ill*) illustrates qualitatively the short time be-
(2) haviour of D (t) , which grows very slowly behaving initially as 
"" t and e.g. after t = l*t it has reached only 70% of its asymptotic 
value. 
Since the Enskog approximation scheme converges slowly for the super 
Burnett coefficient (Wood, private communication), the expression 
(IV. Ill*) does not describe quantitatively the short time behaviour of 
D ( 2 )(t) . 
Next we study the long time behaviour of diagrams occurring in class 
IV of figure 5· 
The sum of all diagrams of class IV is equal to 
't ft /-t /t 
V t ) = j
o
 dt, j dt2 j t «3 j d t u 
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< V1x r>¿ ^Іх^ ^) ^З-^ ^ (Ч- 1х »1 ' (І -116) 
where the operator B(t -t ) represents the bubble containing one cross 
in figure 5IV. 
Following figure 6, the series expansion of В 
. B(t) = B(A)(t) + B(B)(t) + ... (IV.117) 
gives a decomposition of class IV into subclasses IVA, IVB, ... . Ac­
cording to section lid the diagrams in figure 6 can be constructed in 
an analogous way as those in figure 1. 
Note that all operators in the expressions (IV.116,117) may be replaced 
by their orthogonal parts, as defined by (і .ІОб), because of the pro­
perty (IV.2) and the fact that В always starts and ends with the ope­
rator Τ (12) . 
о _ 
The operator B/.sit) is explicitly given by 
B(A)(t) = dq ( иг ) η dt 
о 
< Τ (12) Γ -42,t) f^O.t') ν, f^ljt-t') Τ (12) >0 . (IV.118) 
ο — q, q. lx q o ¿ 
F i r s t we study the opera tor B/.^Ct) , which i s obtained from (IV.118) 
by rep lac ing the f u l l propagators by Boltzmann propagators such t h a t 
B ( A ) ( t ) = | d t ' J dq (27гГ2 n c 
< Τ (12) Γ + ( 2 , t ) r 5 . ( l , t ' ) v . r £ ( l , t - t · ) Τ (12) >. . (IV. 119) 
О —q q l x q о ¿: 
This term is represented by the left hand side of the equation in fi-
gure 7. 
The long time behaviour of B, v(t) is obtained by replacing the fluid 
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propagator Γ ->-[2tt) in (IV. 119) by its slowly decaying part 
Ρ •+•(2) Γ ->(2,t) , according to (II.5^)· 
-q -q 
Following figure 7> the self propagators occurring in (IV.119) are de­
composed into a slowly (s) and fastly (f) decaying part so that B, >(t) 
falls apart into li terms 
(AV 
•
 B ( A ) ( t ) = B ( A , s s ) ( t ) + VfS) ( t ) + B ( A , s f ) ( t ) + B ( A , f f ) ( t ) · 
(IV.120) 
The last operator of this set of four is a priori short ranged in time 
and will not he considered here. The operator B, v(t) (diagram ss 
in figure 7) i s given by 
B ( A , s S ) ( t ) = n o 
d t ' dq (ar) 2 Σ e x p ( ( z , í + z S ) t ) 
j=1 ч 4 
< Τ ( 1 2 ) v>|(v ) V J * ( v ) > > < ^ ( v ) ν V+Cv ) > 
о q 1 - q 2 1 ¿ 4 . 1 I x q l 1 
< < ^ ( v . ) * j * ( v . ) Τ (12) > . 
q 1 - q 2 о 2 
From (11.37), (11.39) and (IV.13) follows that 
(IV.121) 
<
 ^f^l 5 V1x * f ( V *! = - 2 i ( 1x Do + 0 ( ( l / n
o
) 2 ) (IV.122) 
To study the dominant long time behaviour of B, \(t) we insert the 
ί л^ SS J 
leading non-vanishing term in (IV.122) (i.e.-2iq D ) into (IV.121), 
where the remaining hydrodynamic and self diffusion modes are taken 
in zeroth order in q , according to (II.37,1*0,li3,1*6). Then the shear 
and heat mode give vanishing contributions in (IV. 121) (j=i7,T), due 
to the fact that the factor 2iq D is odd in q . The two sound modes 
χ о ^ 
together (j=a;CT=+ )^ give a contribution which can be estimated as 
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Bít' \М ~ η D t (A.ss) o o 
Д 
'о л
 2
 · ι 4-1 -D'q. t 2,^ . .2 dq q sin(c qt ) e ^ ~ η (t /t) , 
o o 
(IV.123) 
where D' stands for a typical diffusivity. This estimate is suffi­
cient for our purpose. 
For the shear and heat mode contributions we consider the second term 
in (IV.122) yielding 
(ι?) ,. V _ (T) 
'(А.вз)1*' B(A,ss), 
•1 
k
o . 3 -D'q2! 2 ^  .. dq q e ^ ~ η t /t . 
о о 
о 
(IV.12!*) 
From this result and (IV.123) we find the estimate 
В.. At) ~ η t /t (A.ss) о о (IV.125) 
Next we consider the long time hehaviour of B/. ^(t) (figure 7) 
given by 
B ( A . f s ) { t ) - "о * * ' 6 ( t ' ) 
' о 
dq (2пГ2 e x p { ( z J + z s ) t } 
4 1 
. 3 , - 1 
< T
o
(12) (1-P|(1)) { i q . v
r
n
o
^ r ' ν 1 χ ^ ( v ^ , ^ ( v 2 ) >, >2 
< < ^ ( v . ) ^ ^ ( v „ ) Τ (12) > q 1 -q 2 o ¿ (IV.126) 
After carrying out the time integration, one sees that B, ^(t) has 
asymptotically the same time dependence as the ring contribution to 
the velocity correlation function but it is multiplied Ъу an additio­
nal factor η , 
о 
В, . ^ , Ν(Ϊ) ~ η t /t (A.fs) о о (IV.127) 
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The seme estimate holds for the operator B, fi^^ occurring in fi­
gure 7, so that 
•
 ъ
і і **•№ ~ n
2 г
„/ь · (IV.128) 
(A*SL) О О 
Altogether we find for the operator B,.\(t) 
•
 В(А) ( г )~ По г · (IV'129) 
One can dress the Boltzmann propagators in figure 7 with ring propa­
gators, repeated ring propagators and so on, according to figure 1, 
to obtain an estimate for the full B, « operator, given Ъу (І .11 ). 
This procedure yields contributions to B,.\(t) , which are of higher 
order in the density but decaying more slowly in time, compared to 
(IV.129) and we find 
B, .At) ~ n 2 t /t + n 3 t /t log(t/t ) + .... (IV. 130) 
(А) О О о о о 
All this is very similar to the calculation of higher order contri­
butions to the velocity correlation function, and the details are 
omitted here. 
With the help of (IV.130) the contribution to E(t) of all diagrams of 
subclass IVA (figure 6) can be estimated, using (IV.116,117) and (IV. 
107,108), 
. E ( l v < A )(t) ~ iT
2
 0(log(t/t
o
)) + n^1 0((log(t/t
o
))2) + ... .(IV.131) 
The same procedure can be applied to the operators B, ^(t) , ... oc-
curring in figure 6 and the expansion (IV.117). This will give no con­
tributions to E,TVv(t) , which exceed the estimate (IV.131). Therefore 
we have 
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. E ( I v )(t) ~ n o
2
 O(log(t/t
o
)) + n^1 0((log(t/t
o
))2) + ... , (IV.132) 
-3 
which is our final result for class IV. Note that terms of order η 
о 
are absent, according to (IV. 10^), since at least one vertex of type 
1 is present in class IV. 
It is clear from figure 5 that the same estimate holds for the sum of 
all diagrams of class III for t >> t 
о 
. E ( l I l )(t) ~ n^
2
 0(log(t/t
o
)) + n^1 0((log-(t/t
o
))2) + ... .(IV.133) 
The sum of all diagrams of class II gives a contribution to E(t) equal 
to 
E(Il) ( t ) dt1 ... 
о 
t 
4 
<
 - i x ^ V В ( ^ W В( r o ( V V νΐχ ^ · 
(IV.13U) 
The estimates (IV.107) and (IV.130) for Г 3 and В are applied so that 
о 
. E, T TJt) ~ n
- 1
 0((log(t/t ))2) + ... . (IV.135) 
^ІІ^ о о 
-3 -2 Here terms of order η and η are absent according to (IV.IOU). 
о о 
Finally we consider the diagrams contributing to E(t) and belonging 
to class I of figure 5· 
According to figure 8, class I is decomposed into subclasses denoted 
by IA, IB, 1С, ... . Subclass 1С can be obtained from IB by placing 
both crosses inside one bubble. 
According to (IV.IOU) class I contains no diagrams proportional to 
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-3 . • -2 
η · There is one diagram of order η , which is drawn on the left 
о ^ о 
hand side of the equation in figure 9· It belongs to subclass IA and 
is denoted by IA.1. 
The contribution E, i^*) reads explicitly, according to figure 9 
ft 
С(ІА.1)( ) dt. 
"* f* -1 -2 dt dt η ' (2n) 
t 2 t 3 0 
г1 ΐ2 
dq 
»3,-1 
< ν, (Λ 0) -' < Τ (12) Г ч.(2,0 ГЦг.) ν lx o -q 3 q 1 -ρ 
sN-1 
' T W ^х ^  ^) То(12) ^  (Л ) ν 1 χ >1 , (І .136) 
where we have used already that only the fastly decaying parts of 
the initial and final Boltzmann self propagators in figure 9 contri­
bute. The decomposition of the remaining three self propagators into 
a slowly (s) and fastly (f) decaying part yields θ contributions to 
E, i'i('t) » s ° m e of which are indicated on the right hand side of 
the equation in figure 9, so that 
E(lA.l) ( t ) = E(lA.1sss) ( t ) + Ε ( ΐ Α .
ΐ 3 ί 3 )
( ΐ ) +
 -
(IV.137) 
To obtain the long time behaviour of these functions it is sufficient 
to consider the slowly decaying part of the fluid propagator in (IV.136) 
only. 
The first term in (IV.137) reads, according to figure 9 
E(lA.1sSs)
(t) dt. dt, 
t /·' 1+ 
? -1 _ ? [ - » . 
dt1 no (2ir) dq Σ 
о ^ j = 1 
xp{(zJ+z^)t_} { < v. V j* le >, } 2 { < V* v. φί >, } 2 , (IV.138) q q i l x - q q l q l x q l 
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where we have applied the property (11.57). 
The leading long time behaviour arises from the shear mode contribu-
tion (j=7î) . This is due to arguments discussed in (IV. 15-27). From 
(IV.16) and (IV.122) one finds straightforwardly 
„2 
IA i s s s ) { t ) = - i do о ιήτ 1 ^ o + 0^o)Oï 1 . π·™) 
where the quantity d is given by (IV.20). Next we consider the con­
tribution (sfs) in figure 9· 
In this case the intermediate Boltzmann self propagator in (IV.136) 
is fastly decaying. Then from (11.39) and (11.53) follows that 
. РІ v. (1-P+) r^t-tj v. pä q 1x q q 2 1 lx q 
= P ^ 6 ( t - t j D { 1 + 0(q/n ) } = P^ C ( B ) ( t 0 - t . ) { 1 + 0(q/n ) } , q ¿ l o о q ¿ 1 о 
(IV.11*0) 
where t h e l a s t e q u a l i t y follows from (IV.9) · S u b s t i t u t i o n of t h i s r e ­
s u l t i n t o (IV.136) y i e l d s 
E ( I A . 1 s f s ) ( t ) at, at,. at £
( B ) ( t - t . ) n - 1 (2*)-2 
І ¿ I O 
Σ 
j = 1 
dq (l+0(q/n )) exp{(z j+z S)t.} { < v. φ^ φ$ >. }2 
о ч q. 3 ι χ -Q. ч ι 
(ιν.11*1; 
By comparing this relation with (IV.1U) one sees that the dominant 
long time behaviour is aescribed by 
E(lA.1sfs)(t) - at. 
t 
dt^ dt3 c
(R)(t3) c
{B)(t2-tr 
= Ef'B)(t) , (IV.11*2) 
11*0 
ІА.З 
ІА.5 ІА.6 ICI 
figure 72 : Diagrams contributing to the super Burnett 
coefficient to order η for a two dimen­
sional system. 
1ІЦ 
where E ; R ' B 4 t ) is defined by (IV.9U), and is of order n ~ 2 t/t (com-i о о 
pare (IV.96)). 
The contribution (fss) to E/ .^(t) (see figure 9) contains one fac­
tor < ν"* ν φ-* > in the integrand of (IV.136). The leading non-van­
ishing term in this matrix element (i.e. -2iq D ) is odd in q (compare 
the discussion below (IV.122)), and hence diagram (fss) is estimated 
as 
•
 Ε ( ΐ Α . 1 ί 5 3 )
( ΐ )
~
η
" ο
2 θ ( ( ΐ /
ν
0 )
 « <
I V
-
1 1
<
3 ) 
It is clear that the same estimate holds for E, T . Λ„\(ΐ) . 
(l.A.sff) 
The remaining contributions (ffs) (fsf) (sff) and (fff) involve at 
least two Ь functions of time in the threefold time integration given 
in (IV.136) and are hence estimated to be of order (t/t ) for large 
t . 
So far we have studied the first diagram of class I and we found, to 
-2 
order η in the density, two leadir 
diverge proportional to t , so that 
_
ng contributions to E(t) , which 
D 2 
о о 
(IV.li* It) 
which is our final result for diagram IA.1. 
We finally consider in this section a set of diagrams belonging to 
class I, which contributes to the dominant long time behaviour of 
(2) -1 
D (t) in next order in the density (n ) . These are the diagrams 
IA.2, drawn in figure 10, IA.3-6 and ICI drawn in figure 12 and dia­
grams IA.7 and 1С.2, which can be obtained by reading IA.6 and ICI 
from the bottom to the top. The diagrams IA.2-7 belong to subclass 
IA drawn in figure Θ, ICI and 1С.2 belong to subclass 1С. 
11*2 
In fact all diagrams yielding contributions to E(t) of order n -
o 
can Ъе obtained by attaching in any possible way two intermediate 
crosses to the diagrams c,à.,e,f,g,b. ... of figure 11, and by taking 
the slowly as well as the fastly decaying parts of the Boltzmann pro-
pagators involved. The resulting figures belong to one of the classes 
I-V drawn in figure 5· Those belonging to the classes I-IV were con-
sidered above. Some of the diagrams belonging to class I and which 
(2) do not contribute to the leading long time behaviour of D (t) are 
discussed below. 
We start the calculation with E, pi^^ represented by the left hand 
side of the equation in figure 10. By comparing the structure of dia-
gram IA.2 with IA.1 (figure 9) it is clear that an analytic expression 
for E, ?}(*) c a n Ъ е obtained from the relation (IV.136) for E, i^*) 
by replacing the fluid propagator r^ ->-(2,t_) in (IV.136) by the operator 
Τ ->-(2,t ) defined by (IV.35), so that 
-q. 3 
E(IA.2) { t ) 
t tt
 ft 
dt п^ (27τΓ | dq d t1 
о 
1 2 
< v l x ( A
S
r
1
 < Т
о
(і2)Т 4( 2, з)г|( і) 1 х 
l ' W V1x l^-V To(l2) >2 (ЛЗГІ V1x *! · (IV'11*5) 
Then the arguments below (IV.35) can be applied to this case also and 
one finds that in order to obtain the dominant long time behaviour of 
E, oi^) *^e operator Τ may be replaced by its contribution (com­
pare (IV.38)) 
. T_|(2,t3) = P^(2) Y(-q,t3) , 
where t h e function Y(q,t) i s defined by (IV.39)· I t s Laplace transform 
11*3 
is explicitly given by (IV.63,66,69). 
Following figure 10 the intermediate three Boltzmann self propagators 
in (IV. 11*5) are decomposed into a slowly and fastly decaying part, 
yielding 
E(lA.2)(t)=E(IA.2sss)(t) +E(IA.2sfs)(t) + (IV.11+6) 
According to the arguments above, an expression for E,_, . ^(t) can 
t IA .¿sss I 
be obtained from the r e l a t i o n (IV.138) for E, . ( t ) by tak ing 
^^ ^^ \ Χ η * I 5 о S / j=T¡ and rep lac ing exp(z t ) by Y(-i i , t ) with the r e s u l t 
E ( l A . 2 s s s ) ( t ) 
Ο -Ό 
2
 d t , η - 1 (27гГ 2 
1 о dq 
e x p ( 8 q t 3 ) Y ( - q , t 3 ) { < τ 1 χ V _ * ^ > 1 } { < φ-* ^ φ* > 1 } . 
(IV.11*7) 
From t h e r e l a t i o n s (IV.63,66,69) for t h e Laplace transform Y(-q,t) 
and (IV.16,122) for t h e matr ix elements t h e q i n t e g r a l can be performed 
s t r a i g h t f o r w a r d l y with t h e r e s u l t 
,2 2 D o 1 1 
E ( I A . 2 s s s ) ( t ) = d o о Ό~ηΓ ( W + βΓ~ 
о о о so 
) [ t / t l o g ( t / t ) + 0 ( t / t ) ] 
0 0 о 
(IV.11*8) 
To obtain an expression for E/-. „ . \(t) we note that in this case the 
integrand of (І .1І+5) contains a factor 
^ v i ' i x ^ - l ^ v v vixp! І^з-^) 
= Ρ? e x p ( z S t J C ( B ) ( t - t j [ 1 + 0(q/n ) ] , 
q q i ¿ ι о 
where the equality follows from (IV.IUO). By substituting this rela­
tion into (IV.IU5) and by comparing the resulting expression with 
11*1* 
(І .ЗІ*) for С ( ) one finds immediately 
'
 E(IA.2sfs)
(t)
 » f dt1 Г dt2 Г «3 ^ Щ ^ ^ ( V S ) 
0 г1 Ь2 
= E^e'B)(t) , (IV. Щ ) 
where E ^ e ' ^ ( t ) i s defined Ъу (IV.93,9h) and i s of order n" t / t 
i 0 0 
l o g ( t / t ) (compare ( I V . 9 9 ) ) . 
The remaining contributions to Ε, ΑΟ\(*) ^n (IV.IU6) are at most pro­
portional to η t/t . 
0 0 
In summary we find for the contribution of diagram IA.2 to E(t) 
•
 E(lA. 2)^=4
e
'
B ) ( t ) + 
2 Do 1 1 
+ d
o
 Ь
о T^r {W + er-) [t/t
o
iog(t/to)+ 0(t/t ) ] . (IV. 150) 0 0 о so 
In order to obtain the dominant long time behaviour of the diagrams 
IA.3-7, ICI and 1С.2 we make the following remarks: 
- Only the shear modes in both fluid propagators involved in these 
diagrams have to be considered. 
- The actual calculations are most easily performed in Laplace lan­
guage. 
- These diagrams contain a twofold integration over wave numbers, 
which may be denoted by q and к in the order as they occur in the 
explicit analytic expressions, 
- these analytic expressions are of a similar form as (lV.i|1-Uit) and 
the considerations made in section a(lV.l*1-7l) can be applied to 
these cases, that it is to say 
- the values of к in the к integral may be restricted to the interval 
N б < к < к 
о о 
- then, in the integrand of the к integral the frequency ζ may be 
П5 
omitted and the wave vector Ъ - q-k may Ъе replaced Ъу -к . This is 
due to the fact that the sound modes are absent (compare(IV.59), 
(IV.65) and (IV.68)). 
With the help of this procedure the explicit calculations can be done 
straightforwardly. We will omit the details and quote the results only. 
The intermediate five Boltzmann self propagators occurring in diagram 
ІА.З of figure 12 are decomposed into a slowly and fastly decaying 
part. If all propagators are taken to be slowly decaying one finds 
2 
•
 Е
Гтд ì= = = = = 1 ( t ) = \ d ! ~ ^ t t / t l-og^/t ) + 0 ( t / t ) ] . 
(lA.Jsssss.) 3 о о (
Э +() \2 о о о 
0 0
 (IV.I5I) 
There are two contributions to the leading long time behaviour of 
Е/
т
 о}(*) involving one fastly decaying part, namely 
•
 E(lA.3sfsss) ( t ) = E(lA.3sssfs) ( t ) 
= - τ
 d 2
 t тгг^- t "t/t l o g ( t / t ) + 0(t/t ) ] . (IV. 152) 
о о 
The next contribution is 
•
 E ( l A . 3 s f s f s ) ( t ) - E 3 R , R ) ( t ) + n"o1 0M*¿ · ( I V - 1 5 3 ) 
where E' * ' ( t ) is defined by ( I V . ^ ) . 
-j 1 
Further contributions to Е/
Тл
 -,i(t) are at most proportional to η 
(IA.3J о 0(t/t ) so that 
о 
2 
0 0 0 0 [ t / t log(t/t )+ 0(t/t ) ] + E^ R ' R ) ( t ) . (IV. ISM 
о о о 3 1U6 
Diagram IA.lt y i e l d s a con t r ibu t ion t o E( t ) equal t o 
2 
• •<u.«<«-ÍV*i£rF-*;^-> 
о о о о 
[ t / t l o g ( t / t ) + 0 ( t / t ) 1 + - 5 - E Í B ' f ) ( t ) . (IV.155) 
о о о 2 3 
This expression results from 
'
 E(lA.Usssss)(t) " E(IA.3sssss)(t) 
'
 E(IA.U.f»..)it)-HB,f,(*> 
'
 E(lA.k5stss){t) = E(IA.3sfssS)(t) · (І - 1 5 б ) 
The c o n t r i b u t i o n of diagram IA.5 equals exac t ly IA.1| as can be seen 
from f igure 12 
•
 E ( l A . 5 ) ( t ) = Е ( І А . Ц ) ( ) ' ( I V - 1 5 T ) 
The c o n t r i b u t i o n s of t h e diagrams IA.6 and I C I i n f igure 12 a re p r o ­
p o r t i o n a l t o 
E, ¿Jt) ~ n"1 [ t / t l o g ( t / t ) + 0 ( t / t ) ] (IV.158) 
V l A . o J о О О о 
. E. , ( t ) ~ η " 1 [ t / t l o g ( t / t ) + 0 ( t / t ) ] . (IV. 159) 
{IL. 1 1 o o o o 
The e x p l i c i t a n a l y t i c express ion for E, o ^ ) conta ins a fac tor of 
type (IV.32) and for E, ! ) ( * ) і contains a f a c t o r (IV.31) . This 
can be seen from t h e s t r u c t u r e of t h e diagrams. 
As ve have discussed below (IV.32) both f a c t o r s are each o ther s oppo­
s i t e and t h e r e f o r e t h e leading long time behaviour in (IV.I58) and 
11*7 
(IV.159) cancels 
E ( I A 6 ) ( t ) + E { l C i 1 j ( t ) ~ n~
1
 O ( t / t
o
) . (IV.160) 
The same arguments apply t o IA.7 and 1С.2, whicli are obtained from 
IA.6 an4 I C I by in terchanging t h e upper and lower r i n g 
•
 E ( l A . 7 ) ( t ) + E ( l C . 2 ) ( t ) ~ n ¡ 1 0{t/to) ' ( I V ' 1 6 1 ) 
So far we have considered all diagrams contributing to the leading 
long time behaviour of E(t) in order η in the density. 
There are many other diagrams contributing to E(t) terms at most pro­
portional to n - 0(t/t ) . 
r
 0 0 
For example the aimplest diagram of class IB in figure 8, IB.1 is 
proportional to 
•
 E(iB.i) ( t ) " n ¡ 1 σ ( ( l o g ( t / t o ) ) 2 ) * (IV.162) 
This can be seen from the estimate (IV.129) for B/K.{t) since E,TT, -Jt) 
I A; IIB.1 ; 
contains this operator twice. 
One can attach two crosses to the inner structure of diagram g or h 
in figure 11. The explicit analytic expressions can be studied in a 
similar way as was done in (17.85,86) yielding that such contributions 
are at most proportional to η 0(t/t ) . 
In summary we find from the results in this section for E ( T ) and E.(t) 
1 
and t h e r e l a t i o n (IV.92) t h a t t h e time dependent super Burnett coef-(2) 
f i c i e n t D ( t ) for t >> t i s given by 
о 
. D ( 2 ) ( t ) = D ( 2 ) + e . t + e . t { l o g ( t / t ) + 0(1) } + 
о 1 ¿ о 
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+ 0(n°) t/t
o
(iog(t/t
o
))2 . (IV.163) 
The term of type η t/t (log(t/t )) arises from diagrams in which e.g. 
a fluid propagator in diagram IA.3 (figure 12) is replaced by a ring 
operator. 
(2) . 
Here D is the Lorentz-Boltzmann value of the super Burnett coeffi­
cient, which in first Enskog approximation is given by (IV.115), вив. 
-3 is of order η in the density. 
The coefficient e in (і .ібЗ) can be obtained from the result (IV.96,97) 
for E (t) and (IV. 11*1+) for E(t), so that 
D 2 
о о 
where the coefficient d is given by (IV.20). 
0
 -2 . The quantity et is of order η in the density. 
The coefficient e is obtained from the result (IV.99) for E (t) and 
(IV.150,15^,155,157) for E(t) 
'
 e 2 = - d o D ^ { F ^ - 8 ^ - - ^ } * ( I V - 1 6 5 ) 
о о о о so о 
where e.t is of order η 2 о о 
ιΐ*9 
a. Discussion 
In this chapter vre have found the following expressions for the long 
time behaviour of the velocity correlations function C(t) and the time 
(2) dependent super Burnett coefficient D (t) for two dimensional hard 
sphere systems at low densities. 
C(t) = d /t + d./t log(t/t ) + ... (IV.166) 
—ο I о 
(Ρ) (Ρ) 
Ό^ '(t) s D^  ' + e,t + et log(t/t ) + . . . , (IV.I67) 
o i ¿ о 
where the coefficients d , d, , e, and e_ are given by (IV.20,89,16I*, 
(2) о 1 1 2 
165) and D is the Boltzmann value of the super Burnett coefficient. 
о 
The quantities d , d , ... and e. , e , ... are of increasing or­
der in the density. Each term represents to that order in the density 
the most dominant time behaviour. 
For a given (sufficiently small) density the series are expected to 
be only meaningful in a limited range of times (if one exists), such 
that successive terms are of decreasing order in magnitude. 
The restrictions on the results (IV.I66) and (IV.167) are discussed 
now. 
First it is of interest to have an estimate of the time, from where 
on the results (IV.166,167) are a meaningful representation of the 
~ (2) time dependence of C(t) and D (t) . 
We consider therefore the term d /t in (IV.I66), which originates from 
~(R) 0~ 
the ring contribution С '(t) to C(t) . To derive the result (IV.27) 
~(R) 
for С (t) from the exact relation (IV.11), we have made the follo­
wing approximations. 
The Boltzmann propag 
over t in (IV.11), has been replaced by the approximate expression 
gator Г (t.) , which occurs under the time integral 
о 1 
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(1-PS) (-η Λ 3 ) - 1 S(t ) , following (11.53). In fact the operator 
(l-P ) Γ (t.) is proportional to exp(-t /t ) as was discussed in chap-0 0 1 i o 
ter II. Since a time integral over this operator behaves as {1-exp(-t/t )} 
о 
one has to wait, e.g. for three mean free times before the exponential 
has reached 5% of its initial value. From now on we consider 3t as a 
о typical time needed to justify the approximate relation (11.53) for 
r
s ( t j , so that , > 3t . 
о 1 * l o . 
Similarly the substitution of (1-PS) (-n As)~ δ ( t - t j for r s ( t - t j 
О О 2 о 2 
in (IV.11) is allowed if t-t„ > 3t . 
2 O 
As a next approximation we have restricted the values of q in the q in­
tegral of (IV. 11) to the interval о < q < li .In section IIIc the re­
maining q integrals with к < q < σ are estimated to be proportio­
nal to exp{-(t -t,)/t } . Therefore t -t, has to be larger than 3t 
2 1 о 2 1 О 
before those contributions may be neglected. 
For q values in the interval о < q < к only the slowly decaying parts 
of the intermediate self propagator Г -»-(t^ -t ) and the fluid propaga­
tor r-»-(2,t--t, ) in (IV.12) were considered. For times t.-t, > 3t the 
q 2 1 2 1 о 
fastly decaying parts may be neglected since they also decay propor­
tional to exp{-(t -t )/t } . 
We conclude that the expression (IV.12) is a good approximation to 
(IV.11) for times t > 9t . 
о 
The arguments presented so far are valid for d=2 and d=3 . 
Of all terms present in (IV.12) we have only calculated the dominant 
term (i.e. d /t) and omitted many other contributions (e.g. (IV.23) 
and (IV.26)). Those contributions may still be important for interme­
diate times (t~9t ) , but they decay more rapidly, at least with an 
extra factor t /t compared to the leading term d /t . 
Next we consider the term d /t log(t/t ) in (IV.166). This term arises 
from the diagrams e and f in figure 1n . 
Both Boltmann propagators involved at t.e beginning and at the end of 
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these diagrams may Ъе replaced by the approximate expression (11.53) 
for times t > 6t . The resulting expressions for С (t) and С (t) 
о 
given in (IV.3^*) and (IV.72) originate from diagrams with three in­
ternal self propagators and a twofold integration over wave numbers. 
We have first restricted the wave numbers to be smaller than к , 
о ' 
and next separated the three internal self propagators into their 
slowly and fastly decaying parts. For the expressions (І .З^) and 
(IV.72) with three slow internal propagators to become dominant, a 
time of at least 9t is required. The errors made in restricting the 
integrations over wave numbers have also become insignificant in this 
time, according to the arguments given above. Therefore the result 
d /t log(t/t ) gives the leading time dependence for times larger 
than 15t 
о 
In general one sees from these arguments that the higher order terms 
require in general a longer time to grow to their full asymptotic 
strength, as given by (IV.I66), since they arise from more compli­
cated dynamical events. 
Similarly the term e t in the expansion (IV.167) is a meaningful re-
(2) 
presentation of D (t) for times t > 15t and the term e t log(t/t ) 
о 2 о 
for times t > 21t . This can be seen by comparing the structure 
of diagram IA.1 (figure 9) and diagrams IA.3-5 (figure 12) with the 
diagrams lib and 11f respectively. 
Secondly we mention that the results (IV.166) and (IV.167) for two 
dimensional systems are for a given (small) density restricted to 
times smaller than some upperbound such that the second term in 
(IV.166) is small compared to the first one, and the third term in 
(IV.167) is small compared to the second one and so on, so that 
I dji log(t/t ) I « 1 (IV.168) 
1 0 о 
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I e / e . l o g ( t / t ) I « 1 . ¿ 1 о (IV.169) 
То obtain a numerical es t imate ve replace t h e Boltzmann values of 
t h e t r a n s p o r t c o e f f i c i e n t s occurr ing in t h e expressions (IV.20,89, 
l61+,l65) for d , d. , e and e p by t h e i r f i r s t Enskog approximations 
' l D o ] 1 • ^ o ] 1 = 5 [ r s o ] 1 = 2 d ^ ( I V - 1 7 0 ) 
о 
and we introduce t h e reduced dens i ty η as 
V 
. η* Ξ - 2 = lyßn о2 , (IV.171) 
V 2 О 
<r 
where V is the close packed volume, and η is a real number between 
zero and one. 
Then one finds 
•
 d1 / do = - а^П (IV. 172) 
'
 е2 / е1 = 9 ! ^ n* · (IV. 173) 
Here the densities η are restricted to at least η < 0.1 , as will be 
discussed below. 
For densities η =0.1 the result (IV.166) for C(t) is restricted to 
times tfor which I •—' vf 0.1 log(t/t ) I < 0.1 or t < 1000t . 
192 о ,2j о ,2, 
This estimate also applies to the expansion for D (t) , since D (t) 
itself also involves C(t) and since (IV.169) gives a larger value for 
this upperbound. 
Finally we consider the restriction on our results to low densities. 
As discussed already in chapter II and section IIIc the statistical 
correlations, which we have omitted in our low density kinetic theory, 
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give corrections to our results, which are essentially on the order 
of all , where σ represents the diameter of a hard disk and I the 
о о 
mean free path. Numerical values for a/l as function of the reduced 
density are given in reference (Wood, 197'*) for hard sphere systems 
and are quoted in table I. 
d=2 d=3 
η 
1/2 
1/3 
1/5 
1/10 
1/18 
""о 
Ц.36 
1.91* 
0.90 
0.38 
0.20 
η 
1/2 
1/3 
1/5 
1/10 
1/18 
"
l o 
10.02 
1+.30 
1.88 
0.76 
0.39 
table I : Ratio of hard core diameter a to the mean 
free path I 
The results for d=3 are given for comparison. We note that for d=3 the 
reduced density is given by 
η = — = s V2 η σ 
у 2 о 
(IV.ITU) 
where V is the close packed volume. 
As follows from table I the quantity σ/Ζ is only small (<0.І4) for 
densities η < 0.1 (d=2) or η < 0.05 (d=3). Therefore the re­
sults obtained in this and the previous chapter are restricted to 
densities, which are smaller than the numbers given above. 
I5I* 
CHAPTER V 
Mode coupling theory in three dimensions 
a. Formulation of the theory 
In this chapter we describe the phenomenological mode coupling theory 
(Kawasaki 1966; Kadanoff I968; Ernst 1970; Pomeau 1973) as far as it 
is needed for the self diffusion process in three dimensions. This 
theory yields a set of coupled integral equations for the correlation 
function U(k,t) , defined in (1.59)> which is known as the mode cou­
pling formula. 
The derivation of the mode coupling formula is based on phenomenolo­
gical arguments, which apply independently of the specific form of the 
intermolecular forces or the density of the system considered. 
We develop a perturbative scheme to solve the coupled set of integral 
equations, starting from the assumption that the Navier Stokes self 
diffusion coefficient exists (see (I.69a)). 
The solutions obtained in this way are consistent with the formulation 
of Fick's law expressed in the relations (I.33,3^,35), and contain 
apart from the results of Fick's law higher order corrections to the 
functions of interest in the self diffusion problem. 
These corrections are finally compared with the results, obtained from 
kinetic theory in chapter III for a three dimensional hard sphere 
system at low densities. 
Let us now describe the phenomenological mode coupling theory in more 
detail. The basic idea of this theory is that the time decay of the 
projected current correlation function U(k,t) for values of к small 
compared to к , where к is an inverse microscopic correlation 
length, proceeds in two stages (Ernst 1970): 
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A fast kinetic procese towards a state close to local equilibrium 
determines the behaviour of U(k,t) for times of the order of a 
microscopic correlation time t . In a dilute gas к is on the or-
o о 
der of the mean free path Ъ and t is on the order of the mean free 
ο ο , 
time Ъetween collisions; in a liquid к is on the order of the 
о 
range of the intermolecular forces, and t is the time a particle 
needs to traverse this distance. 
- A slow hydrodynamic process, in which the state close to local 
equilibrium decays to over all equilibrium, determines the dominant 
behaviour of U(k,t) for times larger than t . ІЧіе time evolution of 
о 
this state close to local equilibrium is determined by the time 
evolution of the five hydrodynamic modes of the fluid and the dif­
fusive mode of the tagged particle. 
From these assumptions one arrives at the following explicit formula 
for U(k,t) (Kadanoff 1968; Kawasaki 1970b) for times t » t and wave 
numbers к << к 
о 
íj(k,t) = V"1 Σ' Σ SXd(q,t) cL(q,t) G(Ï,t) . (V. 1 ) 
q λ 
The summation Λ^. extends over all wave numbers q in the reciprocal 
lattice of the (finite; volume V , and Ъ = k-q . The prime on the sum­
mation sign indicates that I ql < к . In an infinite system (which 
0
 -1 
will be considered from now on) the summation V Σ 1 may be replaced 
by (27г)"3 ƒ· dq . ^ 
The parameter λ in (V.1) runs over all hydrodynamic modes of the fluid: 
the heat mode (Τ) , two opposite sound modes {0=+) and two shear modes 
(η and 4 ) , and over the diffusive mode of the tagged particle (d) . 
These functions depend on the phases of all N particles. 
To lowest order in к they are, in conventional notation, given by 
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(Kadanoff 196Θ; Ernst 197I*) 
^ = (ß/(2mn))5 { с - 1 pj + σ î.gj } (σ=+) 
eg = (ß/imn))1 І^.І^ (і=1,2) 
. «J = с* . ( .2) 
The set of unit vectors £ , R and 1c are mutually orthogonal; 
1 1 _» \ 
ι .-*••*• \ . . * ) "*• 
c* = expl-ik.r J is the density of the tagged particle and gj- is 
the microscopic momentum density; at is the microscopic entropy per 
particle, p£ the microscopic local pressure; the latter two are given 
as linear comhinations of the microscopic energy density ej and the 
microscopic number density of the fluid τ» , i.e. 
PÍ = (Эр/Эе) e+ + (Эр/Эп) n+ 
л П К θ л 
э+ = (пТГ 1 { е+ - h п> } . ( .З) 
In the previous equations we have introduced the following equilibrium 
quantities : 
*) 
the number density of the fluid η , the pressure ρ , the energy den­
sity e , entropy per particle s , temperature Τ , β = (ΐΐ-,Τ) , the 
enthalpy per particle h = (e+p)/n and the zero frequency adiabatic 
2 
sound velocity с defined by mc = (Эр/Эп) 
*) In chapter I the density of the tagged particle was denoted by nCk) 
and the equilibrium density of the fluid by η . Here we use the 
symbols c+ and η respectively. 
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The hydrodynemic modes a* in (V.2) reduce to the hydrodynamic modes 
of the Boltzmann equation (II. ΊΟ,1*3,1+6) when all equilibrium quanti­
ties are replaced by their ideal gas values and the microscopic den-
sities ej , g^ - , п^ , and с^ - by respectively νίΓ - mv , \ίΓ mv , vii 
κ it it к ¿ 
and 1 . 
The q u a n t i t i e s S (q,2) in (V.l) a re given in terms of t h e two mode 
amplitude A (q,2) as 
. S X d (q , î ) = | A X d (q , î ) | 2 (V.U) 
with 
A (q,Z) = < j j a* a | > , (V.5) 
where jç = î.v exp(-ik.r ) according to (I.56). 
The S functions can be calculated directly from the relations (V.2). 
The result to lowest order in the wave numbers k , q and Ъ reads 
i?.d 
. ST?a(q,î) = Σ S 1 (q,î) = (ßmn)"' (1-E.q)¿ 
i 
. 8^(3,1) = (aPmn)"1 (K.q)2 . (V.6) 
The remaining S functions are vanishing to lowest order in the wave 
numbers. 
Finally the mode coupling equations contain the propagators G. (k,t) 
for the hydrodynamic modes of the fluid, which will be given later on, 
and the propagator G(k,t) for the diffusive mode of the tagged particle, 
which is itself defined in terms of the Laplace transform of U(k,t) 
as (I.5T) 
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. G(k,z) = ρ . (V.7) 
z+k U(k,z) 
Even if the G^(k,t) are given, the set of equations (V.1) and (V.7) 
is not a closed set for U(k,t) and G(k,t) , since the Laplace trans­
form U(k,z) involves also the short time behaviour of U(k,t) . 
The mode coupling theory assîmes that this short time behaviour is 
given by a bare correlation function, which decays fast for all values 
of к . For the long times of interest (t >> t ) it can essentially 
о \ 
be described as a delta function in time 6(t) with a coefficient D 
independent of к . We therefore have for the Laplace transform of U(k,t) 
. U(k,z) » D* + dt e"Zt (2π)"3 
•'t 
о 
dq Σ 
λ 
SXd(q,Z) G
x
(q,t) G(Ï,t) , ( . ) 
which is only meaningful for values of ζ with I zl << ζ = t , and 
о о ' 
к « к . 
0
 Й 
The constant D is determined by the requirement U(o,o) = D , the Pick's 
law diffusion constant. As already explained in chapter I, we are only 
interested in the solutions of the mode coupling equations in the re-
. . 2 
gion, where к approaches zero and t approaches infinity, such that к t 
remain finite; or equivalently in Laplace language in the region, where 
2 
ζ and к approach zero such that z/k is finite. 
Омг basic aasvmption -is that the mode eoupling equations desaribe the 
dominant singularities in the correlation functions IKk^z) , UCk^t) 
and the hydrodynamic propagators G(kts) , GCkjt) for k+o and z+o with 
2 2 
z/(Dk ) = f is finite, or h+o and t-*» with Dk t = τ is finite. 
Before developing a systematic solution of these equations we make a 
preliminary investigation. 
2 ~ 
When к approaches zero, U(k,fk ) approaches U(o,o) = D and G(k,t) = 
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2 
exp(-Dk ) . The hydrodynsmic propagators of the fluid are in the same 
approximation given Ъу G (k,t) = expí-vk t) and G (k,t) = 
ρ 't " 
exp(-iockt-ir
s
 к t) , where Г is the sound damping constant and ν the 
kinematic viscosity. 
Using these propagators in (V.8) one finds the contribution of the (rçd) 
modes to AU(k,z) = U(k,z) - U(o,o) to he of the form к h (?) and the 
2 ^ 
contrihution of the(ad)modes of the form к h (f) , where h (f) and 
1 2 
h0(f) here and in the sequel are finite functions of f = z/Dk 
2
 Φ
 2 
In the following we will systematically neglect terms of 0(k ) in 
U(k,z) , so that in (V.8) only contributions from the (i?d) modes have 
to he considered, yielding for к << к and ζ << ζ 
о о 
U(k,z) = D + 
0ιηη(2π)3 
д +
 -
z t 
dt e 
t 
с 
2, 
dq { 1 - (R.q)2 } 
G (q.t) G(Î,t) + 0(k h(C)) . (V.9) 
V 
Here D includes the contributions for k=z=o from the(ad)modes. 
Now we describe the systematic expansion method to solve the equations 
(V.7) and (V.9). 
We define 
AU(k,z) Ξ U(k,z) - D (V.10) 
2 
and we have seen from our preliminary calculations that AU(k,fDk ) is 
a small quantity (of order к h(f )), which can be used in a perturba­
tion expansion. In zeroth approximation 
U(o)(k,z) = U(o,o) = D 
. AU(o)(k,z) = о . (V.11) 
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By means of (V.7) we expand G(k,z) in powers of the small quantity 
ûU(k,fDk2) , yielding for finite Г = z/(Dk2) 
Dk2 G(k,fDk2) = (f + 1)"1 - D - 1 AU(k,<-Dk2) (f+1)"2 + 0(k2h(f )) . 
(V.12) 
The zeroth approximation to the propagators G(k,t) and G(k,z) follows 
from (V.11) 
. G(o)(k,z) = 1/(z+Dk2) 
G(o)(k,t) = exp(-Dk2t) . (V.13) 
The first order approximation to the functions AU(k,z) , U(k,z) and 
G(k,z) is obtained by inserting the zerot'i 
into (V.9), yielding at fixed values of f 
zeroth order propagator G (k,t) 
AU(l)(k,z) = * 
0nm(2tf)3 t 
о 
dt e dq {l-(î.q) } e G (q,t) 
- Lim (first term) + 0(Λ(ί )) (V.lU) 
о 
. U(l)(k,fDk2) = D + AU(l)(k,fDk2) (V.15) 
. Dk2G(l)(k,fDk2) = (f+1)"1 - D"1 AU(l)(k,fDk2) (Г+1)"2 + 0(k2h(f )) , 
(V.16) 
where Lim (...) represents at fixed f the k=o limit of the first term on 
о 
the right hand side of (V.lU). In principle one can go on in this 
way, but we restrict ourselves to the first approximation. It will 
be verified below that this approximation is sufficient to obtain the 
behaviour of U(k,rDk2) and Dk2G(k,i:Dk2) up to order k 2 h(f ) . 
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In order to evaluate (V.lU) we use a result for G (к,ζ) , obtained 
by Ernst and Dorfman (Ernst 197^) from the mode coupling theory applied 
2 to the case of the general fluid, valid for small к and z/k = f finite 
Gjk.z) = (z+i'k2)"1 + Σ àju) k2+Pn (z+ek2) 2 + 0(k"1h(f )) . 
(V.17) 
4
 n=1 " 
Here ν is the kinematic viscosity given by ν = т)/(тп) , where τ? is 
the shear viscosity, and 
. ρ = 1 - 2"n . (n=1,2,...) (V.18) 
η 
Expressions for the coefficients Δ (η) are given in reference (Ernst 19Т2Ъ, 
197Ό and we quote only the formula for n=1 
• ''
0
'-77,2ι/^,ηΓ^· M « 
3 
Here Γ is the sound damping constant given by 
. Γ = (7-1) λ / (ne ) + άν+ζ) I (mn) , (V.20) 
s Ρ 3 
where 7 = с /с , λ is the heat conductivity, and ζ is the bulk vis­
cosity; ς vanishes at low densities (compare (11.1*5)). 
Before starting the actual calculations we want to check the consis­
tency of our approximation scheme. 
The second term on the right hand side of (V.12) and the third term 
on the right hand side of (V.17) are of relative order к h(f ) compared 
to the first term. 
By neglecting such terms in the hydrodynamic propagators G (k,t), G(k,t) 
occurring in (V.9) we obtain indeed (V. ll*,15,16) as the first approxi­
mation to U(k,z) and G(k,z) . 
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If we would have token into account these terms in the hydrodynamic 
propagators one can also verify that such terms contribute corrections 
о 
to U(k,z) and G(k,z) of relative order к h(f) compared to the leading 
term. 
Therefore the perturbation expansion is consistent up to relative or­
der k 2 h(f ) . 
In the following section we calculate (V. Il*,l6) and we drop the super­
scripts (1) from now on. 
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b. Calculation of UCkjz) and G(k3z) 
We start with uU(k,z) given in (V. ík). Substitution of (V.I7) yields 
2 
for f = z/Dk finite 
nU(k,z) = 1 
ßmn(2n)3 
da { 1 - (£.q)2 } 
2 2 2 
-(z+Kq +DZ )t -(i'+D)q » ρ 
r e о e о . ν . f \ η 
[ 2 2 2~ Σ Δ τ , ( η ) 1 
z+vq +D^ (D+K )q n=1 
{ f - ^ (l
 +
 (z
+
,q2
+DI
2)t )
 e-(^42+DÎ2)t0 + 
(z+vq +DZ ) 
- — І ^ е - ^ ^ ^ о }]
 + 0 ( к
2
Ь ( П ) . (V.21) 
(D+v ) q 
We change to the appropriate hydrodynamic variables, such that the 
-2 frequency ζ is measured in units к 
It is convenient to define the dimensionless frequency s to be 
. s Ξ δ"
1
 ( z/(Dk2) + 1 ) . (V.22) 
Here the dimensionless quantity δ is defined as 
. δ Ξ D / (D+P) , (V.23) 
where δ is a real number between zero and one. 
Furthermore we will use in (V.21) the dimensionless integration va­
riables χ = £.q and y = q/(ek) and we define 
к Ξ lm 0mn DtD+v ) , ( .2І*) 
which has the dimension of an inverse microscopic length; and we 
161* 
define the quantities 
1 1 + Рл 
. a
n
 = Д
п
(п) D δ n , (n=1,2,...) (V.25) 
which have the dimension of a length to the power ρ 
-»•
 n 
All this is substituted into (V.21) and the q integral (~ x,y inte­
gral) is performed term Ъу term. In each term the upperlimit к /S к 
о 
in the у integral is replaced by infinity and t is replaced by о . 
0
 -1 
Roughly speaking this is allowed since к << к and ζ << ζ =t . More 
о
 0 0 2 
precisely,the errors made by doing so are at least of order к h(s) 
and must be neglected consistently in (V.21). In this way we arrive 
at expressions for AU(k,z) and U(k,z) of the final form 
U(k,z) = D + ûU(k,z) (V.26) 
AU(k,z) = D6 r£ u(s) + D8 —• Σ a k n u (s) + 0(k h(s)) . 
κ
0
 κ" . η ρ 
n=1 n 
(V.27) 
The expansion (V.27) is valid for fixed values of s and values of к 
2 2 
such that Dk t << min (Dk t ,1/s) , as illustrated by the shaded 
о o o 
area in figure 13a. This is a consequence of the requirements к << к , 
о 
ζ « ζ imposed on (V.8). 
о 
The functions u(s) and u (s) are at least analytic for Re s > 1/δ , 
η 
corresponding to Re ζ > о . 
Explicit expressions for u(s) and u (s) , with o<p<1 , are obtained 
from (V.21) with the result 
u(s) = τ" ¿У 
о 
r+1 , 2 
dx (1-х ) t * 2 - 1 ] (V.28) 
1 s-2xy+y 
1 Γ Γ+1 ? ** 
u (s) = π dy dx (l-x¿) yP [ ï 5-5 - 1 ] .(V.29) 
-1 (s-2xy+y ) 
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® 
O k 0 О k 0 
" ^ (В) ~? 
fbgure 13 : Regions of validity of the series expansions: 
a for (V.27,39), Ъ for (V.hh,k5), с for (V.k9) and 
d for (V,7M6). 
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The integrals in (V.28) and (V.29) are carried out in Appendix A 
with the result 
. u(
e
) = - | v^  ^ φ - ^ Ι Φ ( , з о а ) 
= ¿ (s -2) VS^T- ц s 2 t a n - 1 ^ » ^ ( .ЗОЪ) 
u ( B ) - . (3>P) S ( 1 + P ) / 2 ( 5 ± £ _ UE.5.1J 
F
 Зсоз-
1
^ 
s
( 1
*
+ P ) / 2 1 -1 1 
=
 т~^
 [
 ά
ein {(lt+p) tan
 ет
} + 
- -^Г s in { (2+p) t a n " ^ — } ] . ( .ЗІЪ) 
Here T.ia^iCiz) is Gauss' hypergeometric function (Erdelyi 1953). 
The presentation of our results in hypergeometric functions is very 
convenient in view of the inverse Laplace transforms to be carried 
out in the next section. 
Properties of the hypergeometric function F , the confluent hyper­
geometric function Г (a;b;z) and the generalized hypergeometric 
functions F (а,,....а ;Ъ
Ч
,...,Ъ ;z) , which we will need in this 
ρ q 1 p i q 
chapter, are given in reference (Erdelyi 1953). They are defined as 
» (a ) ... (a ) 
• рУ
а1"-" йр ; Ъ1"--'\ ; г ) = Σ (bj ... (ъΤ ¿Γζ ' 
^ η=ο 1 η q η (V.32) 
where (a) is Pochhammer's symbol 
η 
(a) = а(а+1) ... (a+n-1) = Г(а+п) / Г(а) . ( .ЗЗ) 
η 
Integral representations and asymptotic expansions for large values 
of argument ζ are given extensively ir reference (Luke I969). 
J6T 
The result ( .ЗОЪ) has also been obtained in reference (Bedeaux 197^)· 
The singularities of u(s) and u (s) with largest Re s are square root 
branch points, located in s=1 , where the functions behave as 
. u(s) =-\ - J (s-1) + | (s-l) 3 / 2 + 0((s-l)2) (4.3k) 
•
 U p ( s ) = (2+р1Ь+р) tg(pff/2) -^ 1 7 ·'· Q( 3- 1) · (V-35) 
The branch point s=1 corresponds t o ζ = -(1-5)Dk i n t h e complex 
ζ p l a n e . The functions are made unique by a cut in t h e complex s plane 
on t h e r e a l s axis from -<= t o 1 . The behaviour of 11(3) and u (s) for 
Ρ 
l a r g e values of s i s e a s i l y obtained from (V.30a,31a) and (V.32) 
. u(s) = - I s 1 / 2 [ 1 + Oís"1) ] ( .Зб) 
• V s ) = - 3 ^ 7 2 1 s ( 1 + p ) / 2 t 1 + ^ > · " ·*> 
The generalized diffusion coefficient U(k,z) is now known up to or­
der k 2 (for z/k2 finite). 
The small ζ behaviour of the Laplace transform of the velocity corre­
lation function C(z) = U(o,z) (І.бт) is obtained from the behaviour 
of the functions u(s) and u (s) for large values of s (V.36,37). We 
Ρ — 1 2 
choose a fixed value of ζ << ζ and substitute in (V.27) s = S (z/(Dk )+1) 
о 
Then the limit k-*o of the expression (V.27) can be performed within 
its region of validity, yielding 
. C(z) = D ^ ì 7 2 z 1 / 2 + 
6π 0mn (D+p) ' 
Σ
 ( 3 + P n )
 **
M
 z
( l +Pn ) / 2
 +
 0(z) 
- i ir. \/ρ ζ η + 0(zj . 
η=1 12π ßmn cos(pn7r/2) (D+f ) ^  Pn ; /
 ( у з ) 
We return to the velocity correlation function in the next section. 
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Let us now study G(k,z) in first approximation. 
By using again the variable s instead of ζ we find from (V.l6) and 
(V.27) the series expansion 
œ ρ 
. G(k,z)=—Ij-I 1 - T | U ( S ) / S - T | Σ a
n
 к
 n
 U (S)/S + 0(k2h(s)) ] 
5Dk s n=1 n pn 
(V.39) 
valid for fixed s and к such that Dk t << min(Dk t ,1/s) , as i l l u s t r a -
o 0 0 
ted by the shaded area in figure 13a. 
The first term of this series expansion is just Fick's law prediction 
(1.35) (i.e. G(k,z) ~ (z+Dk2)"1 for к-ю and z/(Dk2) fixed). 
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a. Calaulaticn of U(ktt) and G(k,t) 
Here we calculate the functions U(k,t) and G(k,t) from the results 
of the previous section. 
We start from 
• ν^
=
·£ΐ 
G(k,t)=¿ 
e+i» 
dz eZ U(k,z) (V.UOa) 
i«+i» 
e-ι» 
dz e z t G(k,z) , ( .І+ОЪ) 
where e is a positive real number, and we study these functions for 
к « к , and large times. 
0
 . . -2 
Аз explained in chapter I we measure time in units к and define 
therefore 
r = Dk2t , (V.ltl) 
so that the functions U(k,t) and G(k,t) are expressed in the variables 
к and τ, instead of к and t . By introducing into (V.llO) the integra-
— 1 2 
tion variable s = δ (z/Dk +1) we obtain 
•x,, .4 ¿Dk2 -τ 
•
 U(k
'
t)=
-2ÍTe ds e6sT U(k,Dk2(6s-l)) (V.l*2a) 
. G(k,t) = 5 | ^ e " T Í ds e 5 3 7 G(k,Dk2(Ss-l)) , (V.lt2b) 
where the contour Γ runs through the complex s plane from l+e-i» to 
l-w+i» . 
Then we divide the s integral into two parts: ƒ' ds (where 
2 — 1 
I si <s ~(Вк t ) , corresponding to I zl <z ) and ƒ" ds (where I si >s ) . 
о о о о 
The basic assumption of the mode coupling theory was that it described 
170 
the dominant singularities of U(k,t) for large t and of U(k,z) for 
small ζ . Therefore we have to assume that the behaviour of U(k,z) for 
large values of ζ (ζ > ζ ) is irrelevant for the long time behaviour 
of U(k,t) and G(k,t) and we omit the integrals ƒ" ds in (V.U2). 
The expansions (V.27) and (V.39) for AU(k,z) and G(k,z) may be inserted in 
ƒ' ds , as can be seen from their domains of validity (figure 13a). 
The s integrals are performed term by tem, yielding expressions for 
U(k,t) and G(k,t) of the final form 
U ( k , t ) = D 8 ( t ) + uÙ(k, t ) (V.l»3) 
. u Ù U . t ) = 52D2k2 [ ^ e" r { ν (δτ) + 
+ Σ a k n v (6τ) } + 0 ( Λ ( τ ) ) ] {V.hk) 
ι π Ρ 
n=1 r n 
. G(k,t) = e-1" [ 1 _ ^ ν ( β τ ) -•£ Σ a
n
k n v (δτ ) + 0 ( k 2 h ( r ) ) ] 
n=1 p n 
(V.i*5) 
The first term in (V.l*3) represents the short time behaviour of U(k,t) 
The series expansions (V.kh,h5) are valid at fixed τ and values of к 
2 2 
such that Dk t « min(Dk t ,τ ) , as illustrated by the shaded area 
о о о '' 
in figure 13b. 
The expansions (V.UU,¡+5) may equivalently be considered as expansions 
in the smallness parameter 1/t with coefficients, which are functions 
of the dimensionless wave number κ , defined as 
. κ = к б? . ( Л6) 
We rewrite the expansions {V.kk,k5) with the help of (V.Ul), yielding 
2 2 2 » a ρ 
. AÏÏ(k,t) = 6 Ώ . . . к3 e-* { ν(ίκ2) + Σ S _ κ " ν (δκ2)} 
kA (Dt) 3 / 2 η=1 (Dt)pn/2 Ρ-'η 
+ 0(h(O/t 2) (V.i»7) 
171 
G(k,t) = e"" [ 1 ν(δκ ) 
к* (Dt) 
™ а ρ 
1/2 
к* (Dt ) 1 / 2 n=1 (Dt) Pn / 2 Pn 
(V.lt8) 
2 2 These expansions are valid at fixed к and t such that t >> max(t ,κ /(Dk )) 
о о 
as illustrated by the shaded area in figure 13c. 
Note that the first term in (V.l+5) or (V.lt8) is Pick's law prediction 
(1.31*). 
Explicit relations for the functions ν , ν , w , w occurring ( .ЦІ4, 
1
*5.і*7)
1
»8) are obtained from ( .Ц2) and the series expansions (V.27,39), 
yielding 
• ^ -ш 
ρ ¿πι 
•
 W(T)
 = ¿ T 
ρ Згі 
ds e u(s) 
Г^ 
ds e u (s) 
j S T ι \ ι 2 as e u(s)/s 
ds e u (s)/s , 
Ρ 
(V.U9) 
(V.50) 
(V.51) 
(V.52) 
2 —1 
where the integrals are restricted to I si < s ~ (Dk t ) 
o o 
It is clear from these relations that 
V ( T ) = ( ^ f ) 2 W(T) 
ν ( r ) = ( - І ) 2 w ( r ) 
Ρ Эт ρ 
( V . 5 3 ) 
( .5І0 
Strictly speaking the functions ν , ν , w , w as defined by (V.l+9-
P Ρ 
52) depend on τ and к , since the cut-off frequency s is a function 
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of к . The к dependence of these functions is removed in the following 
way. 
The asymptotic hehaviour of u(s) and u (s) for large values of s is 
given in (V.36,37) : u(s) ~ s 1' 2 and u (s) ~
 S(
1 +P)/ 2 _ Therefore 
Ρ 
the upperlimit s in (V.5I) and (V.52) may be replaced Ъу <•> and the 
о 
resulting functions W(T ) and w (τ) are well defined (τ=ο ina luded ) . 
Ρ 2 
The errors made in doing so are of order к Ь(т) and must he neglected 
consistently in (V.^j)· 
This result for W(T) and w (τ) is substituted into (V.53,5^) yielding 
the к independent functions ν(τ) and ν (r) . 
It can be shown that ν(τ) and ν (τ) obtained in this way represent 
Ρ 2 
the functions ν(τ) and ν (τ) as defined by (V.U9>50) up to order к Ъ(т ) 
Ρ 
if к and τ are chosen inside the shaded area drawn in figure 13b 
with k=o , τ=ο excluded. 
We note that W(T) and w (τ) resulting from this procedure nay be con-
IP 2 2 
sidered as the inverse Laplace transforms of u(s)/s and u (s)/s res-
P 
pectively. The results for ν(τ) and ν (τ) are not the inverse Laplace 
Ρ 
transforms of u(s) and u (s) . 
Ρ 
To obtain explicit expressions for W(T) and w (τ) we quote the inverse 
Ρ 
Laplace transform of the generalized hypergeometric function (Erdelyi 
I95l*,l) 
F (a ....,a ;b ....,b ;s" ) = 
o a l p i a 
1 
2*i 
ST -a 
ds e s 
Ρ Ч 
Г 
(Γ(σ)Γ1 τ" 1 F (а .,...,а ;b.,...,h σ-,τ ) , (V.55) 
ρ q+1 1 p i q 
which is valid for ρ < q+1 and Re σ > о · 
From this, (V.30a,31a) and (V.51,52), we find straightforwardly 
•
 w ( T )
= - 3 ^ 1 / 2 1 F 1 ( - 2 4 ^ (V-56) 
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•
 W ( T ) =
 ά
7
"
1 7 2 e T [ т
"
1 / 2
 ^
т 1 / 2 ) ί ^ 2 - ^ - ! } -2Г + 1 ] ( .5Т) 
р
 3π ( l - p ¿ ) 2 2 2 2 2 2 
То obtain (V.56) we have used the property that F reduces to ,F , 
Ρ 1 Ρ-1 I-1 
if a. = Ъ. as can he seen easily from (V.32). 
1 J 
The result (V.56) can he expressed in terms of more elementary functions, 
as given in (V.57) by using simple properties of the confluent hyper-
geometric function F and the relation (Abramowitz 1970) 
• 1F1(1;1;~T) = T " 1 / 2 F^42^ ' (ν·59) 
where F(x) is Dawson's integral, related to the error function as 
F(x) = Ы Г i exp(-x ) erf(-ix) . 
We note that the result (V.58) can not be expressed in elementary 
functions. 
The functions ν(τ ) and ν (τ) can now be calculated from (V.53,51*) and 
Ρ 
from elementary relations for derivatives of generalized hypergeome-
tric functions (Luke 1969) with the result 
= ^ r -
5 / 2
e ' ( I - T - 1 ' 2 * 1 ' 2 ) } (V.60) 
"
 ν
Ρ
( τ )
 = зі
 Г((5+р)/2) г- ( 3 +Р ) / 2 ,Ρ,^ίΙ-,τ) . ( .61) 
The small τ behaviour of ν , ν , w , w , is given by 
Ρ Ρ 
1.71* 
. ν ( τ ) = ¿¡jpT-3/2 { 1 + 0 ( τ ) } ( .б2) 
. ν (τ) = - ^ Γ ( ( 5 + ρ ) / 2 ) τ - ( 3 + Ρ ) / 2 { 1
 + 0 ( r ) } (V.63) 
ρ Зт 
•
 ( т ) =
 - э ^
т 1 / 2 { 1 + 0 ( т ) } {v
-
6k) 
( 0 = . 8 _ Г ( І 5 І Е Ш Г ( І - Р ) / 2 {
 1 + 0 ( г ) , ш ( > б 5 ) 
Р
 Зя (1-р 2 ) 
We note here t h a t (т ) and ν (τ) diverge as τ-+ο , t h e r e f o r e t h e La-
P 
p lace transform of t h e s e functions does not e x i s t , as was mentioned 
above. For l a r g e values of τ asymptotic s e r i e s expansions for F and 
-F a re given in re ference (Luke 19б9)> y i e l d i n g 
. V ( T ) - ^ J p eT T " 5 / 2 { 1 + 0 ( r " 1 ) } ( .бб) 
' р
( т ) =
 И? eT T"3/2 { 1 + 0 ( т"1 ) } ( -бт) 
•
 ( т ) =
 2 ^ е Т т'3/2 { 1 + 0 ( т " 1 ) } ( - б 8 ) 
• р
{ т ) =
 2 Р е Т Т " 3 / 2 { 1 + 0 ( Т " 1 ) } ' ( - б 9 ) 
F i n a l l y in t h i s s e c t i o n we study t h e la rge time behaviour of t h e ve lo­
c i t y c o r r e l a t i o n function C(t) = U ( o , t ) from ( I . 6 8 ) . 
2 
Choose a fixed t ime t » t , and s u b s t i t u t e τ = Dk t in ( .ЦІ»). 
о 
Then the limit к-кз of this expression can be performed at fixed values 
of t , staying inside the range of validity of (V.Uit) (see figure 13b), 
This yields for t >> t 
c ( t ) = в a ( t ) + = 7 5 — 3 ι
 { τ + 
12 π 3 / 2 fîmn (D+i<)3/2 t 3 / 2 
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- 2 r((5+O )/2) Δ (η) . . 
Σ1 V*l^^l* ^ } + ^ ( · 7 0 
η=1 π (D+v ) ^п 1r η 
We note that the large time hehaviour of C(t) is obtained from the 
small τ behaviour of ν(τ) and ν (τ) given in (V.62,63). 
The result (V.70) has first been given in reference (Srnst 197Ό· 
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d. Calculation of U(r,t) and G(r,t) 
Here the predictions from the mode coupling theory are calculated for 
the functions Ù(r,t) and G(r,t) , where G(r,t) is defined in (I.13) 
and U(r,t) is defined as the inverse Fourier transform of U(k,t) in 
(1.59). 
As explained in chapter I we use the апаЪІез ρ and t instead of r 
and t to describe these functions, where ρ is defined as 
Ρ = r / vßF . (V.71) 
For fixed values of ρ the inverse time 1/t is used as small 
parameter (l/t << 1/t ) , to obtain expansions heyond the lowest order 
Fick's law prediction (1.33). 
We start from the relations 
U(r,t) = (ar) - 3 
-3 
dît e l k , r U(k,t) (V.72) 
„r* ik.r ~,^ -
. G(?,t) = (2π) J di e^·1 G(k,t) . (V.73) 
The parameters ρ and t are substituted in these expressions and the 
integration variable к is changed into (χ,Κ) where χ = k\^E (compare 
(V.l*6), so that χ = к) . The resulting χ integrals are divided into 
two parts ƒ· dx , where χ < к vfHT (corresponding to к < к ) and 
о о _ 
ƒ" dx where χ > к \^ 5ΐ . The integrals ƒ" dx involve the functions U(k,t) 
__ о 
and G(k,t) for values of к larger than к 
_ о 
As an illustration we consider U(k,t) for large к . 
For distances much smaller than к the interactions between the par-
o ^
 r 
tides may be neglected and the correlation function U(k,t) behaves 
as in an ideal gas 
Ù(k,t) ~ exp(-k2t2/(2(3m)). (к >> к ) 
о 
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Using th i s relat ion for a l l к > к , the contribution to U(r,t) a r i ­
sing from the integral ƒ" dx decays at least as fast as 
r00 2 
. Ü"(r , t ) ~ - ^ dk к exp{-k2t2/(20m)} ~ — L · ; e - 0 * 
r
 Jk Pt p / 
о 
at fixed values of ρ . Such contributions to U(r,t) may be neglected 
as we will see below. 
In general it is assumed here that at fixed values of ρ the contri­
butions to UÍr.t) and G(r,t) arising from the integrals ƒ" dx in (V.72, 
73) (i.e. к > к ) are at least of order (l/t)7'2 for U(r,t) or (l/t)5'2 
* / ν 0 
for G(r,t) . 
As the next step the series expansions ( Лз,1*?) for U(k,t) and (V.1|8) 
for G(k,t) are inserted in the term ƒ' dx in (V.72,T3). This is allowed 
since the upperlimit is of order к vfit' , so that the requirements on 
the expansions ( .'»7) and ( .Ц8) are satisfied. 
Next we replace the upperlimit by infinity, which introduces correc-
tions to U and G which are, at fixed ρ proportional to exp(-Dk t) . 
The resulting expressions are only meaningful for values of ρ such that 
ρ < к \/5ζ , In this way we arrive at expressions for Ο(Γ,Ϊ) and 
U(r,t) of the final form 
e-*
2
'
4
 1 
•
 0 ( г
'
 ) =
 TT? [ 1 —UP e(p) + 
{knOty/¿ к* (Dt)1/2 
a 
- Ц Т Р Σ S-Tp β (Ρ) + o(^fi l) ] (W.Ik) 
к* (Dt) 1 / 2 n=1 (Dt)pn/2 pn Ь 
and 
. U(?,t) = D δ(ΐ) 6(t) + AU(?,t) (V.75) 
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with 
ûU(r , t ) δ
2
 сГ"
 Α 
É k 3 / 2 D ^ t 3 
[ f(p) + 
+ Σ 
n=1 ( D t ) P n / ¿ p n 
n 7 2 f p ( > ) + 0 ( ^ ( .тб) 
The s e r i e s expansions ( . Т ^ Т б ) a re v a l i d for f ixed values of ρ and 
2 2—1 for t imes t such t h a t t >> max(t ,(Dk ρ ) ) , as i l l u s t r a t e d Ъу t h e 
shaded area i n f igure 13d. The f i r s t term in ( ν . τ Ό r e p r e s e n t s Ficlc's 
law p r e d i c t i o n ( 1 . 3 3 ) . 
The functions g(p ) , g {ρ ) , f {ρ ) and f (ρ ) are given Ъу 
. g(p) 
P2/U 
e
P /Ц ρ 
dx s in(xp) χ e w(6x ) (V.T7) 
• v1 
f (p) 
f ( Ρ : 
Ρ 
i» е ^ / Ь 
ν<Γ Ρ 
* e"
2 / 1 * 
VÍP ρ 
4 e'2/1* 
dx sin(w>) χ2"*"11 e " x w ( δ χ 2 ) ( .Т ) 
Ρ 
ν*
1
 Ρ 
dx sin(x)i) ) χ e ν(δχ ) 
dx s i n ( x p ) χ e" ν (δχ ) 
(V.79) 
(V.80) 
The functions g(p ) and g (ρ) are c a l c u l a t e d in appendix B, with 
t h e r e s u l t 
g ( p ) - _ _ 2 { ± ^ { і Г і Ц ! і ; - 1 г Д т ) + 
W I'I^-TÄ7>> (V.81) 
J 79 
/ 2"* 
+
 ^ (U)'p e r f ( Г Й Т ) { -(1^)(1+з») + (і-з«)ар2
 +
 ϊδ
2/ }] 
(V.82) 
Equation (V.8l) is expressed in more elementary functions (V.82) by-
means of elementary properties of .F. and the relation (Abramowitz 
1970) 
erf(x) = 2 я"5 χ ^ ( Ι φ - χ 2 ) . 
For g (ρ ) we obtained in appendix В a hypergeometric series of two 
Ρ 2 
variables, δ and Sp A respectively, which can also be written as a 
series expansion in powers of ρ 
, , 4 Г ( ( 5 + р ) / 2 ) 5 ( 1 - Р > / 2 » ^ ) η (- ΨΚ 
gip ) = *• ô Σ —ö~r ζ 
Ρ
 π ( 1 - F ¿ ) m=o (^=Ε) (Ι ) m! 
^ / m ^ m - ^ + ^ δ ) {1- ^ } { ^ } - . ( .83) 
The functions f(ρ) and f (ρ) are hypergeometric series in two varia-
2 p bles, δ and δρ /!+ , which converges absolutely in the whole complex 
ρ plane. This result, and asymptotic expansions, can be obtained by 
the same method as used in appendix В for g (p) .We only quote the 
results 
•
 f ( p ) =
 3¿5r 5 ~ 3 / 2 1 { Ь р ) {Y-8h) 
. f p ( p ) = 2 r ^ p ) / 2 ) 5 - ( 3 + P ) / 2 τ ( ψ ν ) > ( v . 8 5 ) 
2 
where I(a;p) can be written as a series in ρ , 
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°° (a) 2 
. I(a;p) = Σ ^(a+n.l+n^+nje) -= Ξ- {_ ^ _ } n . (v.86) 
n=o (-) η! 
¿ η 
The small ρ behaviour of g(p ) , g (p ) , f (ρ ) and f (ρ ) is given by 
Ρ Ρ 
. g(p) = - 2>ДС±Г+ 0^2) ( v > 8 7 ) 
.
 ( p ) - - ^ ( ( ^ / Й ^ - Р ^ ^ 1а8зд,8) + 0 ( p 2 ) 
π ( 1
-
p )
 ( . ) 
_'Э /ρ ì 
( .89) 
• У
Р )
 = зі
 г ( ( 5 + р ) / 2 )
 «"
(3+р)/2
 a^^'iïl··«5 + 0{р2) • ( ν · 9 0 ) 
The behaviour of g(p ) , g (ρ ) , f (ρ ) and f (ρ ) for large values of ρ 
is given by asymptotic series expansions and we quote only the first 
terms 
• g(p) = ^ δ ρ 3 [ 1 + 0(p~2) ] (V.91) 
• «р
( р ) =
 г(^р)со 5( р т/2)
р 3 + Р [
 1 ^ ( p - 2 ) ] (V.92) 
. f (ρ) = 2 δ"3 ρ"3 [ 1 + 0(ρ"2) ] (V.93) 
• f (Ρ) = - £ (3+ρ) Γ(2+ρ) sin(p7r/2) δ"4"15 ρ-5-ρ [. 1 + 0(ρ-2) ] . 
(V.9U) 
Pomeau (Pomeau 19Τ2) has reported some results for the fluid propaga­
tors G. (r,t) , which have some resemblance to our expression ( .тМ 
for G(r,t) . However in general the structure of G, and G differ con­
siderably as one can see from (V.I7) and (V.39)· 
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е. Moments of diaplaoement and related quantities. 
In this section we calculate the predictions from mode coupling theory 
for the moments of displacement M (t) , defined in (1.36), the cumu­
lants M (t) , defined in (I.UO) and the time dependent diffusion 
С / \ 
coefficients DV (t) defined in (1.32). 
Expressions for M (t) are obtained from the relation (I.38a) and the 
result ( Л5) for G(k,t). 
2 2 We choose a fixed time t >> t , so that τ = Dk t >> Dk t . For all 
о о 
values of к << к the parameter τ is inside the shaded area of figure 
ІЗЪ and the result (V.l+5) may be substituted into (1.38a). This yields 
with χ = δτ and j = 0,1,2,... 
. K^ht) = (-)j Щ- (SDt)J li« (-Ì)J
 е
-
х / 6 
л· Эх 
ϋ
 χ-»·ο 
Γ Λ
 χ
2
 w(x) " \ (1+ρ )/2 ι s ^ „/h(xh , 
Ι 1 г - Σ , ι . χ ^η W (χ) + 0{——) ] 
к* (6Dt)ä η=1 к* (8Dt) U + Pn ; / 2 ρη ( .95) 
^^(t) From this one obtains a series expansion for M (t) of the form 
. M^ (t)--iSÜL(Dt)J[ 1--^-т- I Т ь ^ 1 7 ^ ) + 0 Ф і 
j!
 k* (Dt)¿ n=1 k* (I>t)(l+Pn)/2 Pn 
(V.96) 
valid for t much larger than t and j = 0,1,... . 
The first term in (V.96) is Fick's law prediction (1.39)· 
The dimensionless numbers m J and m are given by 
. m^ 5 = S·3"* lim (- -Ì)J e"175 х^ w(x) (V.97) 
x-o
 Э Х 
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.
 m
(J) .
 β
 J-(l
+
p)/2
 l i m (_ MÖ e-x/* k(1+P)/2 w ( χ ) . ( v. 9 8 ) 
By substitution of the explicit expressions (V.56) and (V.58) for 
w(x) emd w (x) and using the series expansion (V.32) for hypergeome-
P 
trie functions one finds straightforwardly 
. „(j) . 8,i г ((^)/2) a ^ - p ) / 2 (-jt1taB,- ψ·(ξ.^).(Υ.100) 
P
 Зя(1-р2) 3 2 2 2 2 2 
In these expressions F (... ;δ ) and F.(...;6) are polynomials in 
δ of degree j-1 . This follows from (V.32) and the property (-j+1) = с 
if η > j . 
For j = о we have m = 0 and m = ο , which is consistent with the / \ ρ 
property MV (t) = 1 for all t , as follows from (I.36). 
For j = 1 the polynomials F (... ;δ ) and F (... ;δ ) in (V.99,100) are 
equal to 1 , so that the second moment of displacement is given by 
. M ( 2 ) ( t ) = 2Dt [ 1 ^75 2 , , -t-
3 я 3 / 2 0 т п D ( D + 0 3 / t V 2 
„ » Γ((54ρ )/2) Δ
η
(η) . 
- - ? Σ ? / ." W g V + T , Wo + θφ ì , (V.101) 
3 π 2 ßmn Ό η=1 (1-ρ 2 ) ( D + H ( 5 + P n ) / 2 t ( 1 + P n ) / 2 * 
where we have used the relations (V.23), (V.2U) and (V.25) for δ , к* 
and a 
η / ·> 
The time dependent diffusion coefficient D (t) defined in (1.32) is 
related to M^ 24t) by D(o'(t) = s (3/3t) M ( 2'(t) » as follows from 
(I.M) and (1.1*2). For t » t we find therefore 
о 
. D ( o )(t) = D [ 1 
6π 3 / 2 ßmn D(D+^''/2 t 1 / 2 
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. » Г((5+р )/2) Δ (η) 
- —И
 Σ
 C¿n W P Г І ^ W P + 0 Ф 1 · ( V· 1 0 2) 
3* 2 (ímn D n=1 (1+p ) (D + t.) ( 5 + Pn ) / 2 t ( l + p n ) / 2 
η 
The velocity correlation function C(t) can be obtained from this ex­
pression by using (1.1*5): C(t) = (3/at) D (t) . This yields a result 
for C(t) , given already in (V.70). 
The low density limit of the expression (V.102) for D (t) has also 
been obtained in chapter III (lll.2ltb) from kinetic theory. 
(n) Next we study the mode coupling prediction for the cumulants M (t) 
defined in (I.UO). Choosing a fixed time t >> t , the result ( Д5) for 
~
 0
 (2i) 
G(k,t) may be substituted in the expression (1.1*1) for M (t) . 
(?) (2) c 
For j = 1 we use the relation (1.1*2): Mv '(t) = Mv '(t) , where the 
(2) c 
prediction for M (t) is given by (V.101). 
Series expansions for the higher cumulants are obtained from (1.1*1 ) 
—τ 2 
and (V.l*5) by writing logie (1-е)} = -т-е+0{е ) , where e represents 
the terms in (V.l*5), which are at least of order к , at fixed values 
of τ . The result for t >> t and j > 2 is 
о 
.
 M(2á)(t) . ίψ
 (Dt)j [ _ _j¿^ _ ; ! n ^ m + и 
c
 J! и, ίπ+l 5 r,=i іл Гп+.И 1 +Р„' | / 2 X t (V.IO3) 
The dimensior.less numbers q J and q are determined from the rela­
tions 
.
 4(¿> = (_)J Si-i іід (_Ì)J xì w ( x ) ( .10І* 
X-+0 
. ¿І) = (_)J
 5J-(1
+P)/2
 lim (^ )J J^v)/2 w (χ) t (v>105) T) dx ρ 
^ X-+0 r 
By substitution of the expressions (V.56) and (V.58) for w(x) and 
w (x) one obtains 
Ρ 
1Θ1+ 
% - (- ) ν<Γ (2j-1-p) tij-S-p) r(j
+
3/2) ' ( V' 1 0 T ) 
It is obvious by comparing the expressions (V.97>98) and ( .10І+,105) 
that q and q_ are just equal to the terms in the polynomials m 
(І) ^ and m respectively, of highest degree in δ . 
Expressions for the time dependent diffusion coefficients D (t) 
defined in (1.32) are obtained from (I.UU) and (V.I03). The result 
for t >> t and j = 1,2,... is 
D(2j)(tx Ы І BÜ___tJ-5 
и (.t; тур ί+τ/ο ζ 
Zni/¿ (2j-l) (2j+3) j! ßmn (D+i.)J+:5/¿ 
[ 1 + Σ 
(2j-l) r(j + (5+p
n
)/2) Д
ч
(п) 
-^t-Pn 7 2
 + о ( ь - 1 ) ] 
n=1 (2J-1-P ) r(j+3/2) ( D - w ) 1 ^ 
n
 (V.108) 
The time dependent super Burnett coefficient is obtained from this ex­
pression by taking j = 1 so that 
•
 р ( 2 )(*> = - 3/2 D 5 7 2 t ¿ [ 1 + 
Юн'" /3mn (D+Í-)5' 
» 1, Г((Т+р І^ г) Δ„(η) ^
 / о 
+ Σ Í 2 V ,_ t-pn/2
 + Ott"5) ] . ( .109) 
n-1 3 <Г (1-р ) (D+n P n / ¿ 
η 
The low density limit of this expression has also been obtained in 
chapter III (III.55) from kinetic theory. 
185 
ƒ. Discussion 
In this section we summarize a number of problems, which occur in the 
mode coupling theory presented in this chapter. They are a consequence 
of the fact that the mode coupling equation (V.l) is a priori restric-
ted to small wave numbers (k << к ) and larce times (t » t ) and even 
о о 
then it is only an asymptotic relation. Therefore the predictions from 
the mode coupling theory for the functions of interest in the diffu­
sion problem U(k,z) , G(k,z) , U(k,t) , G(k,t) , S(r,t) and G(r,t) 
can only have any significance in the (hydrodynamic) regions 
{k<k ;z<z ~t _ } , {k<k ;t>t } and {r>r ~k~ ;t>t } respectively. 
o o o ' o o o o ' o
 r J 
However, to transform the mode coupling predictions from one language 
to another one, these functions are needed for all values of their 
arguments. 
The first problem arises in finding, from a unified point of view, 
the weakest conditions for these functions outside the hydrodynamic 
regions, such that the transformations can actually be performed. The 
verification of such conditions is outside the scope of the mode cou­
pling theory. 
We partially considered this problem, e.g. in the transformation of 
U(k,t) to U(r,t) (compare (V.72-76) ) where we discussed the plausibi­
lity that the contributions to U(r,t) arising from U(k,t) for large 
values of к do not interfere with the mode coupling predictions for 
U(k,t) , which are present for small values of к . 
This property is assumed to be generally valid, however a detailed 
study of this point is still lacking. 
Next we consider the functions U and G inside the hydrodynamic regions. 
The basic idea, which appears in the mode coupling theory, is that 
U(k,t) and U(k,z) , (and eventually the other functions of interest) 
can be written as 
186 
U(k,t) = U. (k,t) + U (к, ) ( .110) 
Ь m 
and 
U(k,z) = U. (к,ζ) + U (к,ζ) , (V.111) 
D m 
where U (к, ) follows from the mode coupling equation (V.I) and is 
considered to be an asymptotic representation of U(k,t) for large values 
of t (t » t ) and small values of к (к « к ). The hare correlation 
_ о о 
function U, (k,t) is assumed to be less dominant in time for such values 
of к and t . 
Equivalently U (k,z) may be considered as an asymptotic representation 
of U(k,z) , which follows from the equation (V.8), and then the bare 
diffusion coefficient IL (k,z) is a less singular function than U (k,z) , 
D m 
for small values of к and ζ . 
We note two difficulties related to the decompositions (V.IIO) and 
(V.111) for U(k,t) and U(k,z): 
- There is no clear definition for U (k,t) if t < t and for U (k,z) if 
m o m 
ζ < ζ 
о ,^ 
- The mode coupling equations (V.l) for U (k.t) and ( . ) for U (k,z) 
m m 
contain an adjustable parameter к (or a closely related cut-off 
time t ) about which the theory does not make any explicit predic­
tion. 
The choice of a cut-off wave number к , the choice of U (k,t) for 
о m 
t < t .or the choice of U (k,z) for ζ > ζ , is to a certain extend 
о m о 
arbitrary. Different choices for these quantities imply that less 
singular terms are shifted between U. (k.t) and U (k.t) in (V.110) or 
D m 
between Ufk.z) and U (k.z) in (V.111). D m 
Therefore the decompositions (V.110,111) are not unique and this fact 
imposes a restriction on the mode coupling theory, since the theory 
does not make any prediction about the bare correlation functions 
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иъ
(к, ) or Ub(k,z) . 
For this reason it is meaningless to define U (k,z) as the exact La-
~ ш ~ 
place transform of U (k,t) (for some choice of U (k.t) for t < t ). 
m m o 
It is meaningful only to say that U (k,z) describes the asymptotic 
behaviour of U (k,t) for large t . 
m ^ 
Inversely it makes no sense to define U (k,t) as the exact inverse 
Laplace transform of U (k.z) . It is sufficient that U (k,t) con-r
 m m ' 
tains the leading singularities of U (k,z) for small ζ . 
m 
In this chapter we have introduced a perturbative scheme to solve 
the mode coupling equations, where the quantity AU(k,z) = U(k,z) -
U(o,o) was used as the small parameter. 
In that way we found in section b an expression for AU(k,z) of the 
form (V.21) and we have argued that this expression can be reduced 
to the form (V.27), which represents the mode coupling prediction 
for the leading singularities of U(k,z) . 
To obtain the result (V.27) for U(k,z) we implicitly used our basic 
assumption that the bare diffusion coefficient U (k,z) is such that 
AOik.z) = a(k,z) - U ίο,ο) ~ k2h(f) , so that Δυ (к,ζ) and AU(k,z) 
D D D m 
may be identified up to this order, and the singularities are indeed 
described by the mode coupling theory. 
In section с we derived the leading singularities of U(k,t) as ex­
pressed by (V.l+3,1+!*) fromthe relation (V.27) for U(k,z) . As was 
mentioned already in the derivation, the result (V. 1*3,^ 10 is not tri­
vially obtained by taking the inverse Laplace transform of (V.27) 
term by term. We review the derivation here. 
The s integrals in (V.U2) were divided into two parts I si < s (corres­
ponding to ζ < ζ ) and I si > s , According to the arguments above 
the integrals involving values of s with Isl > s are neglected. In 
the integrand of the integrals with I si < s the mode coupling 
prediction for U(k,z) is inserted, and the integrals are performed 
term by term. Finally we removed the constraint I si < s , and ob-
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tained the result ( Л З . М ) for U(k,t) . 
In particular the last point is not a trivial step, and we only have 
verified that it is allowed for the terms under consideration in 
(V.hh). However this procedure imposes a restriction on the function 
2 
h(s) in the correction term of order к h(s) in (V.27), namely that 
, (SS-1)T . . 
ds e M s } 
s<(Dk t )' 
о 
is a well defined function of τ for k->o . 
More generally in the transformations of the mode coupling predictions 
from one language to another one, some global properties of the cor­
rection terms are needed, which we have not studied in detail here. 
Such a study would involve a more complete.knowledge of the structure 
2 
of the correction term of relative order к h(f) in the fluid propaga-
(2) 
tor (V. 12), and it would involve the second order approximation ΔΙ! (к,ζ) 
to ûU(k,z) (compare the discussion below (V.20)), which also gives terms 
2 
of relative order к h(f ) . 
As an illustration of this problem we consider the moments of displace­
ment M (t) , which can be obtained from G(r,t) by means of the re­
lation (І.З Ъ)· The r integral may be divided into two parts r < r 
о 
and r > г , where the first part may be neglected as far as the mode 
coupling predictions are concerned. In the second part one may use the 
^_^ ess 
scaled integration variable Ρ = r/\/5Î and the result (V.fk) for G(r,t) 
can be inserted. 
By replacing the lower limit in the ρ integral, г / w t , by zero, one 
o/ \ 
recovers the mode coupling prediction (V.96) for M (t) . This pro­
cedure can be justified term by term. However for the function h(p) 
occurring in the correction term 0(h(p)/t) in (ν,ΤΌ it is needed that 
for large t 
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dp P n + 2
 e
-
p Ah(p)/t ~0(1) , (V.112) 
which implies that the ρ integral exists if the lower limit tends to 
zero. 
In this chapter we found the mode coupling predictions for M (t) 
with the help of the relation (І.З ъ) and the result (V.l*5) for G(k,t) . 
To derive the relation (V.96) from (V.95) it is needed that the correc-
2 — 
tion term of order к Ь(т) in the expression (V.U5) for G(k,t) has the 
property that all derivatives of 1ι(τ ) for т-кз exist and so h(T ) has to 
be an analytic function of τ . This requirement is rather similar to 
(V.112) for the function h(p) , which occurs in the correction term of 
G(r,t) . 
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9· Appendix A 
Here we will calculate the functions u(s) and u (s) defined in eq. (V.28) 
and (V.29). 
The integral ( .2 ) for u(s) can be transformed into 
ri „ f+- 2 2 
_ ï + .У.. 
s-2xy+y з+2ху+у" 
The у integral can be performed by contour integration, yielding 
1 Г 1 о Г"1"™ 2 2 
u ( e ) = ( 2 Ό " 1 dx ( 1 - х 2 ) dy { — Ï 2 ~ ^ 2 - 2 } 
< Л ^ —то с — СЭтпг+тг e - I . O w + - \ r 
u ( s ) dx ( 1 - х 2 ) ( 2 x 2 - s ) ( s - x 2 ) ^ 
j- (s-2) Vs-1' - τ- s t a n ι '•» . (A. 1 ) 
In view of some transformations, to be carried out later, it is con­
venient to have an expression for u(s) in terms of hypergeometric 
functions f 
2 
This can be obtained by substitution of y=x in (A.1), so that 
. u(s) - в* f dy y"1 (1-y) { - (1-y/s^ + i (^-y/s)~l } .(A.2) 
'о 
Using the integral representation of Gauss' hypergeometric function 
(Erdelyi 1953,1) 
The last line is due to a property given in (Erdelyi 1953,2) 
Next we calculate the function u (s) for real values of ρ between 
Ρ 
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zero and one. After carrying out the χ integration in (V.29) one оЪ-
tains 
u (s) =1 fdy y P { -jj -y2 + ¿y (y2+s) log ф 2 2 ^ } · (АЛ) 
2 
2 ^ 
У -2y+s 
First we substitute in (A.U) ζ = ye and secondly ζ = ye , next 
we add up both expressions with te result 
sinCptf) up(s) = ¿ γ 
2 
. ρ
 r
 h 2 1 . 2 . ζ -2z+s ι dz zr { -- -ζ - j.ζ (ζ +s) log -^ } , 
Ρ
 +
Γ z +2z+s 
1 2 
(A.5) 
where the contour Γ is situated just аЪо е the branch cut 
of ζ , from -» to о , and Г just below, from о to -·» . 
Apart from the branch cut along the negative real ζ axis, the integrand 
in (A.5) has two branch cuts along line segments from ζ to ζ and ζ 
to z, respectively, where ζ , ... , z. are logarithmic branch points, 
with ζ „ = 1 + y/s-У and ζ • = -1 +_ y/s-V . If we define Γ and Γ, as 
closed contours around the upper and lower logarithmic branch cut res­
pectively, both in the positive sense, we obtain, due to the behaviour 
of the integrand for I zl -*» , the following result 
sin(pff) u (s) = -rf-r 
P 27Γ1 
pi ,2 , . 1 ^  dz ζ
 r
z [z +s) log + 4 z-z^  
if
 д
 Ρ
 1
 ! 2 ,
 л
 Z
"
Z 
τ dz z^
 Γ
ζ (z +sì log 
ι J
r
 h D z-z 
2яі J
r
 " 1*" ' " "" " a Z-Zj^  
1» 
Next we substitute ζ = Ws-V+x+i« for Γ and ζ = -iVs-1'+x+ie for Γ, , 
where e-*o , and χ runs from -1 to +1 . The upper signs have to be 
taken along the upper sides of the branch cuts, the lower signs along 
the lower sides. This yields 
/•+1 
sin(pir) u (s) = г sin^· dx { (Vs-1'+ix) - s(Vs-1'+ix) } « 
-1 Ρ
 2 
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which gives the final result 
s ( p + 1 | ) / 2 1 1 1 1 
'
 U p ( S ) =
 2 c o s ^ l P ^ S Ì n { {V+h) t a n V ^ } " F2 S i n 
{(p+2) t a n " 1 ^ F ^ î } ] . (A.6) 
I t i s again convenient t o have an expression for u (s) in terms of 
Ρ 
hjrpergeometric f u n c t i o n s , which can he obtained from t h e r e l a t i o n 
(Erdely i 1953,3) 
• pV^T-.-^liCsinz)8) = ^ 4 ^ 1 2 1 2 ¿ 2 ρ s in ζ 
with t h e choice t a n ζ = 1 /Vs-1' . 
By using p r o p e r t i e s of contiguous functions (Erdelyi 1953,2,¡+,5) one finds 
u (s) = - ( P + 3 ) s ( P + 1 ) / 2 F (Ï2S - E Ü - 5 . 1 ) . (A 7) 
p
 Scosci 2 1 2 ' 2 ' 2 ' s 
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h. Appendix В 
In this appendix we will calculate the functions g(p ) and g (ρ) de-
P 
fined in (V.77) and (V.78). 
The function g(p) can he obtained from the following Fourier sine 
transform 
-αχ 
3. 2, l(a,0,y) = dx sin(xy) χ e A ^ Л Л ^ І Х ) 
J
n
 1 1 2 
(B.I) 
which we will calculate first, for complex values of (5 with Heß <3/2 
and real values of о larger than one. 
In order to calculate (B.l) we need the integral representation (Er-
delyi 1953,6) valid for Re0<3/2 
^ О з ф х
2 ) = eX ^(¡-βφ-χ2) 
Γ(3/2) r(l-g) 
Г(3/2-0) 27ГІ 
(1 + ) 
І-& , ,N0-1 (l-uix"1 du u (u-1) e 
(B.2) 
The contour of i n t e g r a t i o n i s a loop s t a r t i n g (and ending) a t u=o and 
e n c i r c l i n g 1 once in t h e p o s i t i v e sense. After s u b s t i t u t i o n of (B.2) 
i n t o (B. l ) t h e χ i n t e g r a t i o n can he c a r r i e d out with t h e r e s u l t 
τι a \ 1 СГ Г ( 3 / 2 ) Г ( 1 - 3 ) ( l + ) d u u ^
 v
- 3 / 2
 e
- y 2 / ( W ) 
Ц ^
 У
 Г(3/2-0) 2ЯІ 
(B.3) 
„where 1/v = α-1+u . 
Now t h e s u b s t i t u t i o n u = ( a - l ) t / ( a - t ) , which leaves t h e contour 
i n v a r i a n t , y i e l d s 
Tf- θ „ ì - Ί ff
v
 „"У
2/« 1») ° P " 3 / 2 Г(3/2) Г(1-Р) 
І ( а , 0 , у ) -
 r
 у/п у e _ _ _ _ _ _ _ _ 
(1 + ) 
dt t N 0 - 1 
(a-1) 
2 
0 Г(3/2-0) 2πί 
^ ) e x p í - i ^ b y ( 1 - t ) ] (ΒΛ) 
19!» 
Using the integral representation (Б.2) again gives finally 
β 3/2 2 2 
The result (B.5) is in fact valid for all complex β , аз can be shown 
by using a different integral representation for F . 
For our purposes, Re0<3/2 is sufficient. 
The function g(p) can be calculated from the result (B.5) and from 
(V.77). 
2 
By inserting for w(5x ) the expression (V.56) and applying the proper­
ty 
• ψ і
г
іЧФ
у ) =
 і
г
і
(
-§Фу) - і -1Ф у ) · ( Β · 6 ) 
we arrive at the result 
The previous method fails in the calculation of g (ρ) , and we have 
not been able to calculate g (ρ) in closed form. 
Here we will derive a series expansion in powers of ρ , which conver­
ges absolutely for all values of ρ , and an asymptotic expansion for 
large values of ρ . 
From (V.78) and ( .5 ) we have 
32Г((5
+
р)/2)6(1-р)/2ер2/-1> 
g. (Ρ) 
Ρ 3, 3 / 2(1-Р 2)Р 
" dx sin(xp) χ3
 6 -
χ 2
 ¿ ¿ ψ , - ψίψ,Ιί**2) • (Β.θ) 
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We insert the absolutely convergent expansion (V.32) for F in (Β.Θ), 
and integrate term Ъу term using (Erdelyi 195^,2) 
-"* 2 2 
dx sin(xp) e-X x^* 3 = 1 Г(5/2) (5/2)
 P e""
 A
 .F, (-m-1 ;2;р2Д) , 
' и 
(В.9) 
2 
vhere F is a polynomial of degree (m+1) in ρ 
. . . . . 2 
The result is a hypergeometnc series in two variables , ρ and δ, where 
δ is a known quantity smaller than 1 (see (V.23)). 
The most convenient representation for our purpose is 
f e ) >*Г((5+р)/2)а(
1
-Р>/2 - ^ m (- ^ ш 
* π U-p ) m=o (-Г^ ) (-> m! 
¿ m 2 m 
.F/m^m- JfB^ äp,* )
 {1. ^  ^ . (Btl0) 
The asymptotic expansion of g (p) can also be obtained from (Β.Θ), if 
we extend in (B.8) the χ integral from -« to +» , write sin(xp) = Im 
e and substitute x=z+5ÌP · Because F is an analytic funtion every-
where in the complex ζ plane, the integration path may be shifted such 
3 2 
that -» < ζ < +» . For fixed ρ we may expand (z+jip) „F (. .. ;δ (z+Jip ) ) , 
occurring in the resulting expression, in powers of ζ and perform the 
ζ integrals. This yields an expansion of the form 
I ^ - 2 r((g+p)/g) б ( 1- р ) / 2 Г (-)m 3,2m . 
^ 3 π (1-ρ ) Ρ m=o 
р
3
 F (5+E _ Ц З . З ^ Е S.^pf) , B „j 
2 2 2 ' 2 ' 2 '2' 1+ 
From the asymptotic expansion of F as given in reference (Luke 19б9) 
one can deduce the asymptotic expansion of g (ρ ) and we give only the 
Ρ 
first four terms 
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~
 2 ( ^ ρ ) cos(,p/2) ^ + Ρ { 1 + 0 ( ρ " 2 ) } · ( Β 

CONCLUSION 
In this dissertation we have considered the derivation and possible 
extension of Pick's law. 
In chapter I the quantities related to the diffusion of a tagged par­
ticle were introduced, and a formal microscopic expression for the pro­
pagator G(k,t) of the diffusive mode was derived in terms of a pro­
jected Is. dependent velocity correlation function U(k,t) . 
In addition we have given formal expressions for the time dependent 
diffusion coefficient D (t) , the time dependent super Burnett coef­
ficient D (t) , and for the moments of displacement M (t) and its 
cumulants M (t) . 
с 
Introduced in this chapter is also an essential concept for the deri­
vation and extension of Pick's law, namely the hydrodynamic time scale, 
2 2-1 
where we measure the time τ = Dk t in units (Dk ) , and where the 
wave numher к can he treated as a small parameter. 
The first step in the derivation and extension of Kick's law is an in­
vestigation of the limiting behaviour for long times of the diffusion 
coefficient D (t) , the super Burnett coefficient D (t) and the 
intimately related velocity correlation function C(t) . This is done 
in the three subsequent chapters on the basis of kinetic theory for 
a system of hard spheres and hard disks at low densities. 
The kinetic theory, derived in chapter II, uses standard diagramma­
tic techniques for many body problems, and is specialized to relati­
vely low densities, where on the one hand explicit calculations are 
still feasible, while on the other hand the singular features of long 
memory effects are already present. 
In chapters III and IV we have applie' this kinetic theory respectively 
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to a system of hard spheres and hard disks and we have obtained expli­
cit predictions for the long time behaviour of the velocity correla­
tion function C(t) in (I11.2lia) and (IV.90), for the diffusion coef­
ficient D (t) in (lll.aVb) and (IV.91) and for the super Burnett 
(2) 
coefficient D (t) in (III.55) and (і .ібЗ). The latter two quantities 
are directly connected to the cumulants M (t) and M (t) , as is 
shown in chapter I (l.ltU). These predictions will be compared with 
results from computer simulation experiments, as will be discussed 
below. 
The first conclusion is that Kick's law does exist for three dimensio­
nal systems (since D (t) tends to a constant for long times) and 
does not exist for two dimensions (since D (-(;) diverges proportio­
nal to log t for t-*">). These results were already obtained in the 
literature (Dorfman 1970; Pomeau 1971)· 
Our second conclusion is that introducing a phenomenological super 
(2) 
Burnett coefficient D in constitutive relations like (1.29) does 
(2) 
not yield a meaningful generalization of Pick's law,since D (t) 
diverges for d=3 proportional to - Г when t tends to infinity. 
A further goal of the chapters III and IV is a confrontation of the 
predictions of the fundamental kinetic theory with the predictions 
of the more phenomenological mole coupling theory in their common 
region of applicability, i.e. low densities and hard sphere interac­
tions. This is done because it is not possible to assess a priori the 
limits of applicability of the mode coupling formula for U(k,t) , 
apart from the restrictions to small wave numbers and large times. 
To that aim we have calculated in chapter V, on the basis of the mode 
coupling theory for three dimensional systems, the velocity correla­
tion function C(t) , see (V.70), and the cumulants M (t) , 
с / '» 
see (V.103), which are for n=2 and h directly related to D (t) and 
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(2) 
D (t) , given in (V.102) and (V.109), and we have seen that the re­
sults agree with those of chapter III. 
The agreement hetween kinetic theory and mode coupling theory for C(t) 
= U(o,t) has already Ъееп discussed in the literature (Dorftaan 1972). 
(2) 
By our method we have extended the comparison Ъу considering D (t) , 
which is related to the second derivative of U(k,t) with respect to 
к at k=o and fixed values of t . This can he derived Ъу means of the 
equations of chapter I, and explicit details are given in a separate 
publication (De Schepper 197^)· 
We conclude from our results for D (t) and D (t) that the mode 
coupling theory describes correctly the leading singularities of U(k,t) 
or U(k,z) for low densities and hard sphere systems for large t or 
2 
small ζ up to order к inclusive. 
There is a good indication from kinetic theory that the leading sin­
gularities of Uikjt) or U(k,z) are predicted correctly from the mode 
coupling theory up to all orders in к . That is to say that the ex-
(2i) 
pression (V.108) for D ^ (t) can be verified from kinetic theory 
for all values of j (j=0,1,2,...). Such an investigation would involve 
in kinetic theory the calculation of η point velocity correlation func­
tions, which in diagrammatic language can Ъе represented by attaching 
η crosses to the diagrams of figure 1 on page 1*6. The explicit calcu-
(2) 
lations then are rather similar to those of D (t) , but we have not 
studied those diagrams in detail. 
The agreement between the kinetic theory and the mode coupling theory 
in their common region of validity is considered as partial evidence 
for the correctness of the mode coupling theory for general fluid 
densities and for more general short ranged intermolecular interactions, 
the reason being that the phenomenological arguments for the derivation 
of the mode coupling formula nowhere imply any restriction on densities 
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or intermolecular potentials. 
As the next point we will briefly discuss the comparison between the 
~ (2) 
theoretical predictions for C(t) and D (t) and the results from com-
puter experiments for two and three dimensional hard sphere systems. 
An extensive discussion on this comparison has been given by Wood 
(Wood 197^), both for the predictions for the velocity correlation 
function, which were already known in the literature (Dorfman 1970; 
Ernst I970) , as well as for the super Burnett coefficient. 
In making the comparison there exist two serious problems. The first 
one is the time scale on which the asymptotic predictions become do-
minant, which requires the times to be sufficiently long. The second 
one is the finite size effect in actual computer calculations, which 
requires the times to be sufficiently short. Both restrictions may 
shrink the region, where a decent comparison can be made, to zero. 
The first problem does not seem to be serious for the velocity corre-
lation function C(t) , the short time behaviour of which is expected 
to decay exponentially in a few mean free times. On the basis of our 
low density kinetic theory we obtained in section IVc, an estimate of 
9t before the asymptotic behaviour is dominant. 
0
 (2) 
However for the super Burnett coefficient, D (t) , it takes a con-
siderable time before the short time behaviour has reached its constant 
value. This was discussed in chapter III (compare (III.37)) and chap-
(2) 
ter IV (compare (IV. Ill*)) in connection with the prediction for D (t) (2) 
from the Lorentz-Boltzmann equation, here denoted by D (t) . 
La — 
Consequently the estimated time (~ 15t ) for which our asymptotic theo-
o 
ry becomes dominant at low densities, is considerably larger than for 
C(t) . 
For fluid densities we have no means of estimating the times for which 
~ (2) 
the asymptotic contributions to C(t) and D (t) become dominant, since 
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the methods applied in section IVc break down as soon as the mean free 
path I is approximately equal or smaller than the sphere or disk 
diameter σ . In two dimensional systems this is the case for reduced 
densities η > 1/5 and in three dimensional systems for η > 1/10 , as 
can he seen from table I on page 15^. 
The second problem is the effect of the finite size of the system, which 
become appreciable at times of the order of the acoustic traversal time 
t , indicated by the vertical arrow (+) in figure lU,15,16,17· The 
quantity t is the time a sound wave needs to traverse the system and 
may be considered as a measure for the finiteness of the volume. By 
comparing figure lU,15,16 and 17, one sees that, given the number of 
particles, the effect of the finite size is much more pronounced in 
three than in two dimensional systems. 
After these preliminaries we discuss the actual comparison for the 
velocity correlation function C(t) in both two and three dimensions, 
where the leading asymptotic behaviour is given by C(t) = d /t 
~ о 
(d=2,3). This expression for C(t) is given for d=3 and low densities 
in (I11.2l*a) and for d=3 and fluid densities in (V.70). For d=2 we 
only have eq. (Г .90), which is valid for low densities. 
The two dimensional results for C(t) at fluid densities have been ob­
tained either from the mode coupling theory to which we will return 
below, or from an extension of the low density kinetic theory, as given 
by Dorfman and Cohen (Dorfman 1970). 
The higher correction terms in (lll.2l*a) and (V.70) (d=3) turn out to 
be numerically insignificant. A discussion of the two dimensional 
correction terms in (IV.90) will be given below. 
Wood studied quantitatively the finite size effects for C(t) , which 
are quite large for times of the order of, or larger than the acoustic 
traversal time, both for d=2 and d=3 . Such finite size effects can be 
explained from the mode coupling theory (cfr. (V.I)) by keeping the 
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volume V finite and summing over all allowed (discrete) wave numbers, 
instead of introducing Fourier integrals. Then the agreement between 
theory and experiment for C(t) turns out to be very well, both for 
two and three dimensional systems. 
Next we consider the super Burnett coefficient in three dimensions. 
In figure "Ik and 15 the computer results for the time dependent super 
(2) * 
Burnett coefficient D (t) are given at two densities η = V /V = 1/10 
й
 0 
and η = V /V = 1/3 for a system of kOOO hard spheres. In these figures 
о 
t is the actual mean free time, which is equal to the mean free time 
о 
at low densities, used in chapter III (ill.6), divided by X , where 
X is the radial distribution function for hard spheres at contact. 
~(2) 
The function D (t) is a dinensionless quantity defined by 
.
 ïï(2)(t) = (fi|)!D(2)(t) . 
t 
о 
~(2) 
The function DTT, (t) drawn in figure lU and 15 (the upper curve) re-Lb 
presents the theoretical prediction from the Lorentz-Boltzmann equa­
tion, which is qualitatively given by the expression (ill.3Tb). It 
(2) describes correctly the actual short time behaviour of D (t) up to 
10 mean free times. 
The lower curve in figure ih and 15 is our theoretical prediction 
(2) 
(V.109) for D (t) , where the Enskog values of the transport coef­
ficients are used (Chapman i960) and where only the leading term pro­
portional to -\€* is taken into account. The correction terms propor-
tional to t , t , ... in (V.I09), turn out to be numerically 
small for the densities considered here. 
A quantitative study of the finite size effects is still lacking for 
(2) 
the three dimensional D (t) . The problems connected with finite size 
effects and with the time scale for the validity of our asymptotic 
theory seem to indicate that the region, where a decent comparison 
between theoretical and computer results can be made, has shrunken 
20h 
5 -
I τ ' * н 
d = 3 V/V0=IO N»4000 
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~(2) 
The time dependent super Burnett coefficient D (t) ac­
cording to Wood (Wood 197Ό for a three dimensional sys­
tem of UOOO hard spheres at a reduced density η = 1/10 
The acoustic traversal time t is 21t (see arrow). The 
а о 
upper curve represents the prediction from the Lorentz-
~(2) 
Boltzmann equation (D _ (t)), the lover curve that from 
the mode coupling theory. 
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figure 75 : The time dependent super Burnett coefficient D (t) ac­
cording to Wood (Wood Ι97Ό for a three dimensional sys-
ù 
tem of 1(000 hard spheres at η =1/3 and with t = 39t 
а о 
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to zero, во that the comparison for the three dimensional super Bur-
(2) 
nett coefficient D (t) , is inconclusive. 
In any case, the computer results supply some evidence that the time 
(2) dependent diffusion coefficient D (t) for d=3 does not tend to a 
constant for long times. 
For a tvo dimensional system of hard disks the comparison with our theo-
(2) 
retical results for D (t) is necessarily restricted to low densities 
(n £ 1/10), as discussed in section IVo. 
We have obtained a relation of the form (І .ІбЗ) 
. D ( 2 )(t) = D [ ^ + e ^ + e2t log(t/t ) + ... . 
The results from computer calculations are shown in figure 16, where 
η = 1/10 and in figure ITjWhere η = 1/3 . The reduced super Burnett 
coefficient is defined, similarly as аЪо е, Ъу 
.
 5 ( 2 ) ( t ) . ^ ü ! D ( 2 ) ( t )
 ι 
t 
о 
where t is the actual mean free time. 
о 
The short time behaviour is described correctly by the Lorentz-Boltz-
(2) 
mann prediction D (t) , which is qualitatively given by the expres-
sion (IV.IIU). It tends to a constant for t-"» , denoted by D 
In figure l6 the acoustic traversal time is equal to 62 mean free times. 
In figure 17 it is 10l*t . Although finite size effects for these sys­
tems are not yet studied, it is reasonable to suppose that they are 
insignificant for times considerable smaller than the acoustic traver­
sal time. 
The dashed curve in figure 16 represents our theoretical prediction 
(2) (IV.163) for D (t) , if all transport coefficients in e (compare 
(IV.20) and (IV.I6I*)) are replaced by ••neir Enskog values. At this 
density (n = 1/10) the Enskog value' ''iffer only a few percent from 
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figure 16 : The time dependent super Burnett c o e f f i c i e n t D ( t ) ac 
cording t o Wood (Wood 197^) for a two dimensional sys­
tem of 5822 hard disks a t η = 1 / 1 0 and with t = 62t 
а о 
(off t h e s c a l e ) . 
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their Boltzmann value, and the actual mean free time equals within 
1555 the value of t given by (IV.6). 
As we have seen already in section IV0 (compare (IV.169»173) ) the term 
e_t log(t/t ) is negligable for this density and the times considered 
in figure 16. The dashed curve in figure 16 therefore, is a straight 
line with negative slope. We conclude from figure l6 that the agree­
ment between theory and experiment is quite good in this case. 
An extension of our results to fluid densities on the basis of the 
two dimensional mode coupling theory has not been worked out in this 
dissertation, due to some conceptual difficulties in this theory to 
which we will return below. 
However, one can formally follow the same procedure for solving the 
two dimensional mode coupling equation as was given in chapter V for 
the three dimensional case. In doing so one obtains results for the 
~ (2) 
long time behaviour of C(t) and D (t) , which are indentical in form 
to our low density results (IV.I66) and (IV.I67), but the transport 
coefficients appearing in these expressions are replaced by the so 
called bare transport coefficients (compare the discussion below 
(V.T)). 
If one identifies the bare transport coefficients with those obtained 
from Enskog's theory (Chapman i960) for a dense gas of hard spheres, 
and restricts one self to the first terms, i.e. C(t) = d /t and 
(2) (2) 0 
D (t) - DT_ + e t , the agreement between theory and computer ex-
periments is very good. This can be seen e.g. from figure 17, where 
~(2) * 
D (t) is plotted as a function of time at a reduced density η - 1/3 · 
The conceptual difficulties in the two dimensional mode coupling theo-
~ (2) 
ry occur if one includes the higher correction terms in C(t) and D (t) 
С 
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C(t) = d /t + àjt log(t/t ) 0 1 о 
. D ( 2 )(t) - D ^ + е ^ + e2t log(t/t*) , 
ύ 
where we have written t instead of t -to indicate that the cut-off 
* 0 0 
time t occurs in the theory as an undetermined parameter, which is in 
о 
general not equal to the mean free time. 
If time becomes sufficiently long the higher correction terms start 
to dominate over the preceding terms. 
For the times and densities of interest in computer experiments, the 
•b 
term α /t log(t/t ) in the velocity correlation function is ir.signifi-
о _ <r 
cant for all reasonable choices of t , due to the fact that the ratio 
о 
d
a
/d is small for all densities. 
(2) . 
For the super Burnett coefficient D (t) the correction term e t 
•Cr . * 
log(t/t ) becomes quite large for densities η > 1/5 , and one has to 
choose t equal to 30-50 mean free times in order to fit the computer 
data with the theory. One may conclude from this that the higher cor-
~ ""(2) 
rection terms present in C(t) and D (t) require a much longer time 
to build up to their full asymptotic strength as given by d,/t log(t/t ) 
ι о 
and e0t log(t/t ). An indication that the time scale on which the higher 
d. о 
correction terms become important is much larger than the time on which 
the first terms (i.e. d /t and e t ) become dominant is given by the es­
timates in section IVc from our low density kinetic theory. 
However the precise nature of these time scales at fluid densities is 
not yet understood. 
Finally we have considered the generalization of Fick's law for three 
dimensional systems, which have been given in chapter V on the basis 
of the mode coupling theory. The basic idea was that the macroscopic 
quantities, which in general depend on two variables (e.g. (k,z) , 
(k,t) , (r,t)), basically depend only on one dimensionless quantity 
(e.g. f , κ , τ , ρ) which is of order unity, if the variables are 
chosen in their hydrodynamic regions. This dimensionless quantity is 
2 
either a combination of wave numbers k and frequencies ζ (f = z/(Dk )) 
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or wave numbers к and times (Dk t = τ = к ) or of positions r and 
2 2 
times t (p = r /(Dt)). The dependence on the other variatile (e.g. к or 
t ) is weak, so that this quantity can be treated as a small expan­
sion parameter. 
In this way we have obtained explicit expressions for the hydrodynamic 
propagators G(k,z) in (V.39), G(k,t) in (V.U?) and G(r,t) in (V.lk), and 
for the "projected" velocity correlation functions U(k,z) in (V.27), 
Ü(k,t) in (V.kh) andù(r,t) in (V.76) . The function Ù(k,t) appears as 
memory function in the generalized diffusion equation (I.60), namely 
3G(k,t)/3t = -k2 / dt' iïdc.t') GÍk.t-t') . 
From eq. (I.6U) and (V.UT) one can also straightforwardly derive the 
к dependent velocity correlation function C(k,t) . 
Our method also allows us to generalize Pick's law in the form (1.27), 
namely 8G(k,t)/8t = -k D(k,t) G(k,t) , and obtain an explicit expres­
sion for the generalized diffusion coefficient D(k,t) . This will be 
discussed in a separate publication. 
The experimental verification of our results can in principle be stu­
died in incoherent neutron scattering, where one measures the scatte­
ring function S(k,a>) , which is the Fourier transform of G(k,t) . 
Some results in this direction have been reported in (Andriesse 1970), 
but the experimental accuracy does not seem good enough to justify any 
conclusions. 
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SAMENVATTING 
In dit proefschrift wordt het zelfdiffusieproces in een klassiek gas-
of vloeistofsysteem theoretisch bestudeerd. 
Bij dit verschijnsel is men geïnteresseerd in de gemiddelde beweging 
van een van de deeltjes in het systeem, in het bijzonder vraagt men 
naar de kans om zo'n deeltje op een bepaalde tijd op een bepaalde 
plaats aan te treffen als bekend is, dat het zich aanvankelijk op een 
andere plaats bevond. Zulke verdelingsfunkties in gassen of vloeistof-
fen voldoen volgens de irreversibele thermodynamica in het algemeen 
aan hydrodynamische vergelijkingen, geldig voor grote tijden en leng-
zame ruimtelijke variaties. Voor het zelfdiffusieproces is er éin 
zo'n relatie,bekend alß de diffusievergelijking of de wet van Fick. 
Deze wet bevat de diffusiecoëfficient eJ.s fenomenologische parameter. 
We bestuderen de afleiding en mogelijke uitbreiding van de diffusiever-
gelijking zowel in twee- als in driedimensionale systemen met behulp 
van twee theorieën: 
- de fundamentele kinetische theorie voor een systeem van harde bol-
len bij lage dichtheden en 
- de fenomenologische "mode coupling" theorie, welke niet beperkt is 
tot lage dichtheden of harde bollen interakties. 
Het belang van een dergelijke studie, op basis van juist deze theo-
rieën, blijkt uit recente Computerexperimenten, waarin wordt aange-
toond, dat de snelheidscorrelatiefunktie van een deeltje in een 
harde bollen systeem een langzaam vervallende funktie van de tijd is. 
Dit onverwachte resultaat is in tegenspraak met oudere theorieën, 
zoals de Boltzmann vergelijking, die een snel verval van de snelheids-
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correlatiefunktie voorspellen, maar wordt wel verklaard door de ki-
netische en de "mode coupling" theorie. 
De tweevoudige aanpak is gekozen, enerzijds om sommige computerresul-
taten te kunnen verklaren, die verkregen zijn voor verdunde en ver-
dichte systemen van harde bollen en harde schijven, anderzijds om de 
fenomenologische "mode coupling" theorie, die van groot belang is bij 
de bestudering van niet evenwichtseigenschappen nabij het kritische 
punt, te verifiëren met behulp van de fundamentele kinetische theorie. 
Dit laatste wordt gedaan door voorspellingen van beide theorieën te 
vergelijken in hun gemeenschappelijk geldigheidsgebied (nl. lage dicht-
heden) . 
Enkele consequenties van het langzame verval van de snelheidscorrela-
tiefunktie voor de hydrodynamica van het zelfdiffusieproces worden 
in dit proefschrift bestudeerd,met de volgende resultaten. 
De wet van Fick bestaat niet voor tweedimensionale systemen, zoals 
reeds bekend in de literatuur. 
De wet van Fick bestaat wel in drie dimensies maar kan niet op een-
voudige wijze worden uitgebreid door het invoeren van één of meer 
fenomenologische hogere orde diffusiecoëfficienten. 
De voorspellingen van beide bovengenoemde theorieën voor de gemiddel-
de tweede en vierde macht van de verplaatsing van een gemerkt deeltje 
komen met elkaar overeen in hun gemeenschappelijk geldigheidsgebied. 
Deze theoretische voorspellingen stemmen in redelijke mate overeen met 
resultaten van Computerexperimenten. 
Een generalizatie van de diffusievergelijking voor minder lange tijden 
en minder langzame ruimtelijke variaties wordt verkregen op basis van 
de "mode eoijpling" theorie in driedimensionale systemen. 
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